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YACTD 1: JMODPEPEHIINAJIBHBIE YPABHEHUIA 110 ITOPAIKA

OcHOBHBIE OMpeieNieHus], CBSI3aHHbIE ¢ MU PepeHIIaIbHBIMU
ypaBHeHUsIMU 1-T0 mopsiaka

Onpedenenue 1. O6vIKHOGEHHBIM OughhepenyuanibHoiM  ypasHeHuem
(kpaTko A.y.) 10 nopsiika Ha3bIBACTCSl YPaBHCHUE BHUIA:

F(xy.y)=o0, (1)
B KOTOPOM X — HE3aBUCUMasl TIEpEMEHHas, Y = y(X) — uckomast GpyHknus, y' =y (x) —

ee TmpousBojHas, a F — 3aganHas QyHKIMS TpeX MEPEeMEHHBIX, OIpejecHHas B
HEKOTOPOH 00j1acTH mpocTpancTBa R°.

Onpeodenenue 2. Ecnmn w3 ypaBHenus (1) MOXHO BBIpasuTh Yy, TO 3TO
ypaBHCHHE 3aITUCHIBACTCS B BUJIC

y'=f(xy), (1)
WUJIM, YTO TO K€ caMoe€, CICAYIOLIIUM o6pa30M:
dy= f(x y) dx (1"

(mpemnonaraercs, uro ¢GyHkmus f(X,y) ompeaeneHa B HEKOTOpo oOiactu

npoctpanctBa  R?). Jly. (1) wu (1) wHaseBatorcs auddepeHIraIbHbIMU
ypaBHEHHUSIMH 1-T0 TIOpsi/iKa, Pa3peIIeHHbIMA OTHOCUTEIIBHO MTPOU3BOIHOM.

Onpeoenenue 3. Pewmenuem n.y. (1), a taxke a.y. (1) u (1), Ha3siBaercs
byakus y=y(X), onpeaeneHHas u nuddepeHimpyemas Ha HEKOTOPOM HHTEpBae
(a,b), koropas, Oyay4d TMOJCTaBICHA B JaHHBIC YpaBHEHUS, MPEBpAIlacT 3TH
ypaBHEHHS B ToXxIecTBa (TO ecTh Ha (@b), COOTBETCTBEHHO, BBITIOJIHIIOTCS
TOKJIECTBA F(x,y(x),)/(x))EO, y'(x)= f(x (%) mm dy(x)= f(x W X) dY). Obuum
pewenuem n.y. (1), (1) u (1) HaspiBaeTcst GyHKITUS

y=¢(x,C), (2)

YAOBIIETBOPSIOIIASL YCIOBHSIM

a) OHA SBISETCS pENICHHEM J.y. IMPU JIIOOOM KOHKPETHOM 3HAYCHHUH
napamerpa C (3TOT mapameTp Ha3bIBaCTCs MPOU3BOJILHOM ITOCTOSTHHOM);

0) i m000i TOYKH (xo,yo) u3 obnactu omnpeneneHus GyHkuu f(x,y)
HaWgeTrcs Takoe 3HadeHueC=C,, 4ro ¢yHkmua y=6¢(x,C,) YAOBIETBOPSET
COOTHOLLIEHHUIO:

y0:¢(XO’ )

Haxoxnenue takoro C=C, 110 yCJIOBHUIO y0=¢(x0, ) HAa3bIBACTCS peuteHuem
3a0auu Kowiu ¢ HavanbHBIMH JAHHBIMH (xo,yo). Haiinennyio Takum o00pa3om
byakmuio y =¢(x,C,) HA3BIBAIOT YACHMHbIM peuleHuem 1.y., YIAOBICTBOPSIOIINM
Ha4aJIbHbIM JAaHHBIM (xo , yo) :

Ecnu, pemwas n.y. 14o mopsizaka, Mbl mojydyaeM OOBIYHOE ypaBHEHHUE BUJA
CD(x, Y, C):O, pa3penmB KOTOPOe OTHOCUTEIHHO Y MOKHO MOJIYYUTh O0IIee pelieHue
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MCXOJIHOTO JIy., TO BbIpaxkenne ®(x,y,C)=0 Ha3bIBAIOT OGWUM UHIMEPATOM
mudepeHIIanTbHOr0 YpaBHEHUS.

YpaBHEHUS € pa3aeIAIONIMMUCS IEPEMEHHBIMA, OAHOPOAHBIE YPABHEHNS,
JIMHEWHBIC YPAaBHEHUS, ypaBHEHUs bepHyum

1) /.y. ¢ pazoensatomumucsa nepemenHbimMu Ha3bIBaCTCsl YPAaBHCHUE BHUIA!

y'=H(),(Y), (3)
KOTOPOE C IMTOMOIIBIO I[I/I(b(bepCHHI/IaHOB YacCcToO 3alluChIBAIOT TakK.
M, (LM, (y) dxe N RN Y d0 3)

(s mpocTOTHI MBI Bcerjga OyaeM mpeamnojarath, 4ro QyHKIUH N,(X) © M,(Yy)
paccMaTpUBaIOTCS Ha TE€X MHTEpBaiaX, Ha KOTOPHIX OHU HE OOpallaiTcs B HYJb, a
OpUMEHSIEMbIE PABHOCHJIbHBIE MPeoOpa3oBaHUs OTHOCSATCS HMEHHO K OJTHUM
HHTEpPBAJIaM).
Paznenum nepemenHsle:
My - Na(y)
N,(X) M, (y)
[Tocnennee ypaBHEeHUE peLIACTCS B3SITUEM UHTETPAJIOB OT JIEBOU U IIPABOU YaCTH:
.f I\/Il—(x)dx:— I NZ—(y)dy.
N,(x) M, (y)
[IpousBonbHas noctosiHHast C NOSIBISETCS TOCIIE€ BEIYMCIICHUS 3TUX UHTETPaAJIOB.
Ilpumep 1. Pemium n1.y.
4ydx— X y-3) dy=0.
Pa3zpenum nepeMeHHbIe, MOAENIUB 00€ YacTH ypaBHEHUsS Ha Xy . [lomydnm:

4 - 4 -
—dx—y—ady=0 o —dx:y—ady.
X y X y

dy.

NHuTterpupyem 06€ 4acTv MOJy4EHHOTO YPABHEHHS M BHIYMCIISIEM UHTETPAJIbI:
4 Y3 aX_ o o dy .
jxdx_j ; dy - 4 5 =[dy-3 , " AnjxpC= y- 3n|yl.

[TonyyeHHOE paBEeHCTBO €CTh OOLIMI MHTErpaj UCXOJHOTO YPaBHEHHS. 3aMETUM, YTO
NPOU3BOJIBHYI0 TOCTOSIHHYIO C MpUHATO 3amuchiBaTh B TOM CTOPOHE M.y. C
pa3lesoIMMUCI IEPEMEHHBIMH, B KOTOPOW HaXOJUTCS He3aBUCHUMAas NepeMeHHas
X.

Ipumep 2. Pemum 1.y .
y = e,
Pa3nennm nepemMeHHbIE!
%=ezx By - :%=ezxdx o j%:jezxdx o je‘”dyzj €* dx -
e & 3e*

= - = +C<:e_3y=—
3 2

3e2x 1 3e2x j
-3 - —3y—|n(— > —3Cj - y——sln(— > -3C|.

2) O0nopoOnbIm 0.y. Ha3bIBACTCS ypaBHEHUE BUA
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I_ ¢l Y
y'= f(;) : (4)
JInst perieHust ’TOro ypaBHEHUsI BMECTO IEPEMEHHOM Y BBOJIST IIEPEMEHHYIO Z
o ¢opMmyie y=zIx, U3 KOTOPOH cieayeT, uto y' =7 0k Zx= z0Ox z[loacTaBiss Bce
3TO B ypaBHeHue (4), moixyvaem 1.y. BUaa:
ZB+z= (2 - z0O0k () z
Jlenss 00e 4YacTH TOJYYCHHOTO YpaBHEHHUS Ha X, I[OJIydaeM YpaBHECHUE C
pa3ACSIONIMMUCS TIEPEMEHHBIMHE I HAXOXKIACHUS (QYHKIMH Z.
IIpumep 3. llpenmonaras, ato x >0 u x° - y* >0, pelIuM ypaBHEHUE

xmiy—( Yy X — )7) dx0.

HNmeem:
[y2 —
xmy:(yh/xz—f)dx - %:W

[Tonyyennoe ypaBHeHue umeer Buja (4). IlpuMeHsst ONKMCAHHYIO BBINIE 3aMEHY,
MOJIy4aeM:

dz
70+ = 2V1- 2 = dxVl- 2> &&: -7 =

dz dx
Vi-72 X
B mnonyueHHOM ypaBHEHMHM II€PEMEHHBIE pa3[eleHbl, II03TOMY MOJKHO OpaTh

MHTETPajbl OT JIEBOM U IPAaBOM YaCTEU:
dz

V1-27?

[Tocneanee BoIpaskeHUE €CTh OOLIUI HHTETPAT HCXOJHOTO 1.y .

d
=J-?X < arcsirg= Ink+ C < arcs%: IxH|C.

3amMeTuM, 4To [1.y. U3 mpuMepa 3 aHAJIOTUYHO PElIaeTcs MpU yCIOBUAX X <0
U X°-y*>0 (Y4UTaTeNto MPEJOCTABISICTCS PEHIUTh 3TO YPAaBHEHUE M TOJYYHTH

oOmMii UHTErpan - arcsin% = Ink $C). Ecnu e nomycTuTh BO3MOKHOCTh PABEHCTBA

x?-y?*=0, TO JIETKO MPOBEPUTH, YTO (PYHKIUU Yy=X H Y=-X TaKKE SBISIOTCSI
(0co6bimMu) peunieHWSIMA JAHHOTO Y., XOTS M HE CONEpXKAaTcsi HU B OJIHOM W3
MOJYYEHHBIX OOIIMX MHTErpanoB. Jlo mopbl 70 BpeMeHH Mbl OyaeM HUTHOPHUPOBAThH
YIIOMSIHYThIE JAETaJH.
3) Ypasnenuem bepuynnu naspiBaercs 1.y. BUIa

y'+ (0= d 30 . (5)
Ecim n=0, To ypaBHeHue (5) OOBIYHO HA3BIBAIOT JIUHEHHBIM HEOOHOPOOHBIM
ypasuenuem 1-20 nopaoxka B ciydae, ecnu ((x)z0, U JUHEHHbIM OOHOPOOHBIM
ypasuenuem 1-20 nopsaoka B ciydae, ecnu (x)=0 (mocnenHWid TEPMUH HE MMEET
HHKAaKOTO OTHOIIIEHHS K OJJHOPOJHOMY ypaBHEHHUIO BUa (4)).

Yamie Bcero ypaBHeHHE bepHymu pemaror ¢ HOMOIIbI0 (haKTOpU3aLUH
3aBHCHMOM MEpEeMEHHONW. A MMEHHO, 3alUIlIeM 3aBUCUMYIO MEPEMEHHYIO Y B BHUJE
y=u(X)[M ¥, TIe v>0 — 3TO KOHKpeTHas (PYHKIHs, KOTOPYIO Mbl OyJaeM BBIOMpPATH
Tak, Kak HaM yJJ0OHO, a U BBOAHUTCS BMECTO Y (TO ecTh (hakTU4ecKHu U aBTOMATHYECKH



MOJTy4aeTCsl Kak %) Umeem: y'=u ¥+ u3/. IoacraBnss 3amMeHbl i1 Y Uy B

ypaBHeHue (5), monydyaem:

U+ UV + g )00 ¢ YJW0Y = W [u'v (p)R]v (JR"T"v
Bribupaem ¢GyHKIUIO V TakuM 00pa3oM, YTOOBI BhIpaK€HHE B KBAJPATHBIX CKOOKaX
v +p(XY)[V oOpaTuioch B HyJb, TO €CTh pEIlaeM OTHOCUTEIbHO V YpaBHCHUE C
Pa3IeNAIIUMUCS IEPEMEHHBIMH

dv dv dv
V+p(x) =0 - &=—p(x)Ev - 7=—p(x)dx - _[7=—_[p(x)dx -

= Injv|= _J- p(x)dx < v= /P

IIpu Takom BBIOOpPE V 4i€H, coAep)KaIlluii KBaJApaTHbIE CKOOKH, MpOIajgaeT u

ypaBHEHHE (B IPEIIIOI0KEHUH, 9YTO U # 0) TPHHUMACT BU/I;

V=g x WV - %zq(x)m”w’*l - u"du= ¢ B V' dx
Tak kak v=€'P™M% 10 Mpl TOAYYWIM YpaBHEHHE C Pa3IEIAIOMIUMUCS
epEMEHHBIMU ISl HAX0XKICHUS PYHKITUHU U.

3aMeTuM, 4TO Mpu n>0 paBeHCTBO U=0 naeT QyHKIUIO y=0, KOTOpas B
3TOM CiIydae Takxke sABjsieTcs (0coObiM) perieHrueM ypaBHeHus (5).

Ipumep 4. Pemum ypaBHenune bepaymiu y' -2xy=—xy'. B cooTBeTcTBHU C
BBIIICOMTMCAHHON CXeMOH pa30o0beM peIlleHHEe 3TOr0 YPaBHEHHS Ha HECKOJIBKO
3TAIoB.

a) y=uly, y =dw w= (0w uw2 xuv- Xu've /LH'V[ Uv2 ]x:v— 0. v

0) V' -2xv=0 = ﬂ=2xv . v xdx - jd—\/= q‘xdx o Inj= X = v=¢&.

dx \ \

3aMeTHM, YTO TPU BBIYUCICHUM V Mbl HE YYUTHIBAEM IPOU3BOJIBHYIO
MIOCTOSIHHYIO, TaK KaK COTJIACHO OOIIEei METOIMKE JOCTATOYHO UMETh OJHY (YHKIIHIO
V, 00pAaIIaoIyt0 B HYJIb KBaJIPAaTHBIC CKOOKH.

B)
du

U =-xd ¢ o &:—xu“e&‘2 o U*duE- xé° dxe j‘u“ da—j xe  dx

Brrancinm BTOpOM MHTETpA:
t =3x?,
1
dt =6xdx = xdx= 5

t 3x2

1
=_J-etdt=3+c=e +C.
t 6 6

2
jxe3x dx=

Taxum o6pazom, momyyaem:

u® e 1 e 2 |2
—=——-C=> 5=+ = W¥=s—F— = u=g[———.
-3 6 w2 6™ +6C e* +6C

2
e* +6C "

r) OO01ree pemieHUe UMEeT BUI, Y= e’

IIpumep 5. Pemnm ypasHenue y'+y=(cosx-sing Y. DTO TakiKe ypaBHEHHE
bepnymnm.
a) y=ulyy y=dw ul = (v uw uw(cos xsin xu’v -
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- u’v+t{\/+ \]=(cosx— siny @ 9.
a_ o v
dx Toov

X

0) V+v=0 o -dX < In|y\=-x = v=€*.

B) u'e™ =(cosx- sinxY & € - %z(cox— sim)iFe* o

u?du=(cosx— sinx € dx < J.u‘zdu=jcosxlj§X dx—j sin xJ& dx

K uHTerpany ¢ kocuHycoM MpUMEHUM (POPMYITYy UHTETPHUPOBAHUS IO YACTSIM:
U=e™* _ dU=-g* di

.fcosx@‘x dx= _ :e‘xsinx+J'sin>Ce‘x dx
dV=cosxdx- V=sin

Takum obpazom,
-1
u . ) . .
_—1:e‘XS|nx+.[S|nxD§X dx—jsm Xlet d= €@ sin ¥ G
1 . 1
e —=-e"sinx-C e u=—-————=.
u e “sinx+C
e’ 1
e*sinx+C  sinx+Cle*

r) y=uv=

YACTD 1: JUODOEPEHIIMAJIBHBIE YPABHEHUMSA 110 ITOPAIKA
VYpaBHeHus B noJHbIX auddepeHimanax

B stom pazaene a.y. 140 nopsaka Mbl OyJeM 3aIIUChIBaTh B BU/IC:
M (X,y)dx+ N( X y) dy=0. am
M (x,y)
N(xy) "’
yoexmaemcs, uto a.y. (1) coBmamaer ¢ a.y. (1"). Eciu 310 TpeOyeTcst 10 KOHTEKCTY,
TO MBI OYJIeM CUUTATh BBITIOJITHEHHBIMH YCIIOBHS M (X,y)#0 miu N(x,y)#0.
Onpeoenenue 4. 1.y. (1), paccmarpuBaeMoe B HEKOTOpoit obmactu D O R?,
Ha3bIBacTCs auddepeHIMaIbHbIM ypaBHEHHEM B MOJIHBIX quddepeHnuanax (KpaTko
1.y.11.1.), eciau B oosiactu D dpyHkmmm M (x,y) U N(X,y) 00JIagaroT HEMPEPHIBHBIMH
YaCTHBIMHU TPOM3BOIHBIMHU M BBITIOJIHSIETCS PABEHCTBO:
M _oN
dy ox (6)

Ecou dynkuus N(x,y) He oOpaimiaercss B HyJb, TO, MOJOXKHUB f(X,y)=-

Teopema 1. Ecnm n.y. (1") sBusiercs B obnmactu D muddepeHumanbHbM
ypaBHEHUEM B MTOJHBIX AU depeHInanax, To ero 00muii UHTerpag UMeeT BU/T;
P(x,y)=C, (7)
rae d(x,y) — Kakoe-muOO peIIeHUe cucmemsl OUdphepenyuanbHvix ypasHeHuil ¢
YaACMHBIMU RPOU3BOOHBIMU.



(o)

gﬂ\ﬂ(x,)/)
¥ _ 8
ay—N(x,y). (8)

[Tpu 3TOM coBMecTHOCTH cucTeMbl (8) obecrieunBaercs paBeHCTBOM (6).
Hoxazamenbcmeo OImyCKaeTCsl.

3ameuanue. TepMuH I.y.1.J. OOYCIIOBJIEH TEM OOCTOSITEIHCTBOM, YTO IPH

BBINOJIHEHNH yciioBus (6) cymiecTByeT (GYHKIHS ABYX MEPEMEHHBIX ®(X,y), dei

nonHb nuddepeHnman coBmamaeT ¢ JieBoM uacThio ypaBHeHus (1), To ecThb
BBIMOJTHSIETCS] PABEHCTRO:

do(x,y) = M(x y)dx+ N x y dy (9)

N3 pasenctB (9) u (1") memennenHo cueayer, 4to ®(x,y)=C. Tor dakr, uTo

byHkIHMS  @®(X,y) JOJDKHA YAOBJIETBOPATh cooTHomeHWsM (8) cuemyer wu3

onpeaeneHus nuddepennmana GyHKIUN ABYX MePEMEHHBIX:
0P 0P
dd(x, y):=——dx+——dy.
(% ¥):= 73 ay VY
K coxanenuro, B paMKax HallMX JCKIMA Mbl HE MMEIH BO3MOXHOCTH JOCTaTOYHO
MOJIHO OCBETHTH BOIMPOCHI, CBsA3aHHBbIC C TU(GepeHIMpoBaHHEeM (QYHKIUN JBYX
HICPEMCHHBIX.
Ipumep 6. Peam 11.y. (3e3X y— 2x) dx+ & dy 0. 3mece M =3e*y-2x N= €.
oM »  ON 3
CrenoBartesbHO, oy 3e* u i 3e¥™, TO eCTh JaHHOE YPaBHEHUE €CTh JI.y.II.]I.
Beinuiem cucremy (8):
0P

——=3e™y-2
0Xx ymex
oy

N3 BrOporo ypaBHEHHsS JaHHOW CHCTEMBI TMOJy4daeM: @ = j e¥dy=e* w @ )

(mpoM3BOJIbHAS MOCTOSHHAS 3aBMCUT OT X, TAK KaK MHTEIPUPOBAHUE IPOU3BOIUTCS
10 Y IIPH pa3sHbIX (PUKCUPOBAHHBIX X U, TAKUM 00pa3oM, JJIs KAXKIOr0 MKCa 3HAYEHUE
nocTossHHoi C MOeT ObITH BEIOpaHo cBoMM). ITocTaBIIsAs MOTYYEHHOE BBIPAXKEHUE
® B IIEPBOE YPaBHEHHE CHCTEMEI, UMEEM:

e*y+C(N=3€ y2x C( x=-2x

Takum o0Opa3zom, C(x)=—j2xdx=—x2 (MpOM3BOJILHYIO TOCTOSIHHYIO TPU JTaHHOM

WHTETPUPOBAHUU MOXKHO HE THCaTh, TaK KAaK MbI HWIIEM JIUIIb OJHO PCIICHHE
cuctemsl (8)).
Urak, ®(x,y)=¢e* y— ¥. Ilo Teopeme 1 oOmmii HHTETpa HCXOTHOTO I1.Y.

uMeeT Bua. e y— x> = C.



Onpedenenue 5. Ilycts n.y. (1) ne sagnsaemea n.y.n.n., OMHAKO CYIIECTBYET
bynkus p(x,y) (obmamaromiasi B HekoTopoi obnactu D HenpephIBHBIMU YacTHBIMU
MPOU3BOJHBIMHU M CTPOTO OOJIBINAS HYJISI B 9TOW 00JIaCTH), TaKasi, 4To J1.y.

H(X Y)IM (X, y)dx+p( % YO N x Y dy O (9)
yKe aensemca n.y..j. B oomactu D. B atom cinyuas GyHKIus p(x,y) Ha3bIBaeTCs
UHTETPUPYIONIMM MHOXUTeNeM 1.y. (1™)B obnactu D.

B nanpHeiimem Mbl He OyjaeMm BbIBISATH obOnacth D, ¢urypupyromyoo B
OTpeAeNeHu: S, COCPEeNOTOYMB BHHMAaHWE TOJBKO Ha METOJaX HaXOXKICHUS
WHTETPUPYIOIIETO MHOKHUTEIIS.

Teopema 2. 1) Jl.y. (1) oGnagaer MHTETPUPYIOIIUM MHOXKHUTEIEM W = H(X),
3aBUCSIIUM TOJBKO OT MIEPEMEHHOM X, TOT/Ia U TOJIBKO TOT/Ia, Koraa PyHKIUs

M N
dy Ox (10
N )
3aBHICHT TOJIKO OT MEPEMEHHOH X.
2) d.y. (1) obmamaeT UHTETPUPYIOIIUM MHOXHTEIEM W =(y), 3aBUCAIIHM
TOJIBKO OT TIEPEMEHHOM Y, TOT/Ia ¥ TOJBKO TOT/a, KOT/1a (DYHKITHUS
M _aN
dy  ox (11
M )
3aBUCHUT TOJBKO OT MIEPEMEHHOH Y.
Hokazamenvcmeo. Tlpexne Bcero 3ameTnm, 4To QYyHKIUS W(X,Y) SBISETCS

UHTETPUPYIOIIMM MHOXHTEIeM a.y. (1) Toraa u Toibko Toraa, Koraa
o M ol N M N
) _ourm) _ou N L

oy 0x oy oy
ol o (aN an
o M -—-EIN =ul — -2
oy 0x ox  dy (12
)
JlokaxkeM HeoOXoaumocTh B yTBepkiaeHuu 1). Ecmm  p=p(x) -—

o 0
), 3aBUCAILIUN TOJBKO OT X, TO 6_550 5

MHTETPUPYIOMIMKA MHOXHTENb A.y. (1

paBeHcTBO (12) mepenuchiBaeTCs B BUJIE:
oM oN

T (O_NMJ 1gn_ oy _ox
ax  Mlax ay Hox N ' (13
)

1
Tak kak jJeBas 4acTb — % 3aBUCUT TOJIBKO OT X, TO U MpaBas 4acTh, COBHAAAIONIAs
(V)

¢ ¢ynkmueit (10),3aBUCUT TOJIBKO OT X, UTO K TPEOOBAIOCH.

JlokakeM J0CTaTouHOCTh B yTBepkAcHuu 1). [Ipenmonoxkum, 4ro GyHKIHs
(10) 3aBuCHT TOJABKO OT X, M PEMUM CJCIyIOIIee J.y. C Pa3AeIsaOIUMHUCS
MepEeMEHHBIMU:



oM  ON oM  ON

1du_ 9y ox  du_ ay  ax _ f[(%ﬂ‘%j/’“jdx
u%_ N T N d = p=e " ' (14

)

SIcHO, uTO (YHKIHUS [ 3aBUCUT TOJBKO OT X U JUI1 HEE BBHITIOJIHIIOTCS PaBHOCUIIBLHBIE
cootHomeHus (13).CnenoBarebHO, IS Hee BBITONHIETCS U cooTHomeHue (12), To
ecTb (YHKIHS [ = [(X) SBISIETCS MHTETPUPYIOIIUM MHOXHTeneM 1.y. (1").
Jloka3aTrenbcTBO HEOOXOMMMOCTH W JOCTATOYHOCTH B YTBEPKICHHU 2)
HNPOBOJUTCS AHAIOTUYHO M MpenocTaBiserca yurartento. OTMETUM TOJNBKO, 4YTO
MHTETPUPYIOIINYA MHOXHUTENb B JAHHOM CIy4ae HaXOAUTCS 1O GpopmyIie:

(G5 o

u=e (15

)

Ipumep 7. Pemum 1.y. (2x3y2+4x2y+ 2XY + Xy + 2} dx i y+ X ¥ )x dy Q
3mech M =2x°y*+4x°y+ 2xy¥+ xy+2y N:i y+ X ¥y )>c CHayajla TIpOBEpHM,

SIBJISICTCS JIM 9TO ypaBHEHHME 1.y.I1.1. MeeM:
aaﬂy = AX°y+4X° + Axy+ AXY + 2 %—T = &y+ 2

Tak xak (6) He BBIMOJHSETCS, TO JAHHOE YpPaBHEHHE HE SBJISACTCS M.y.N.J. Termephb
cocraBisieM ¢ynkiuio (10):

oM OoN

By oax _ACy+4ax’+axy’  Ax(y'+xPy+ ¥

N - 2(y3 +X2y+ x) - 2(y3 +Xx2y+ x)

Msb1 nosyunnn, yro ¢yukims (10) 3aBucur ToabKO OT mepemeHHON X. CoryiacHo
TeopeMe 2, pacCMaTpUBacMOe HAMH YPAaBHEHUE MUMEET MHTETPUPYIOIIUI MHOXHUTEIb

U = u(x), KOTOpbIi Berurcisercs mo Gopmye (14):

"= ejzxdx _ &
(Tak Kak HaM HYXCH JIMIIb OJJUH HHTETPUPYIOIINNA MHOXHUTEIb, TO IPH BHIYMUCICHUA
UHTErpaJia B moKa3areyie Mbl He 3aliChIBAEM MPOU3BOJIbHYIO TIOCTOSHHYIO).
YMHOXXUB HCXO/HOC YPaBHEHHE HA MHTETPUPYIOIIUI MHOXHTEIb, OTyYaeM
CIIEIYFOIIEE JI.Y.IT.]1.:
ex2(2x3y2+4x2 Y 2XY+ XY+ 2 )/ dx 2Xé( ok )x dy 0.
Jlnst Beraricnenust GyHKun ®(X,y) cocTabisieM cuctemy (8):

oP 2

— = (2X° Y +4X° y 2xY + xy+ 2
gx e(x X XY+ Xy )/
O}

oy 2 (Y ey
3 BTOpOro ypaBHEHHUS MOJyUYaeM:
4
(o) :jZexz(y3 + X y+ >§ dy=2 éz(y?+

[loncraBuB HaiiaeHHyI0 QyHKIKIO P B IepBOe ypaBHEHHE, UMEEM:

=2X.

2

x?y?
2

+xyj+C(x).
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2 y4 X2 y2
4xe" | —+
T

+xyj+2e‘z(xf+ y+ C( 3= E(2 X 3+4 X y2 40 Xy 2)y

- C/(x)=0.
Tax kax HaM HykHa TOJIbKO ofHa (yHKIUS P, TO MOkHO B3sATh C =0. [To Teopeme 1
0OIIMIT HHTETpaJl paCCMaTPUBAEMOT'O YPAaBHEHHS UMEET BU;

eyt XY j_
2e(4+ > +xy|=C.

Ipumep 8. Pemum ypaBHEHHE (ny“ey +2Xy + 3} d)&( X ye- X3 )x dy O.

oM oN
Tak kak —— =8xy’e’ +2xy & + 6 xy+1 Vi Xy*e’ - 2xy*— 3 TO AaHHOE ypaBHCHHE

oy
HC ABJIAACTCA J.Y.I1.1. OI[HaKO
oM ON
R 8yl +8xy +4 4(2xy3’ey +2XY +]) _4
M T 2xyte+2xy+ y y(axye +2xg+]

3aBUCUT TOJBKO OT Y, modromy (Mo Teopeme 2) HWHTETPUPYIOMUN MHOXHTEIb
Beruucisiercs mo gopmyie (15):

W= e_'[gdy = e_4ln‘y‘ :| *_4 = y_4.
H.y. y‘4(2xy“ev+2x3?+ }d)& y“( X §e %33 )x dy0 ectb a.y.ai.ja. Haiinem
®(x,y) u3 cucremsi (8):

0P

— =2xe’ +2xy* + y?
X Xerexy +y
®
a—y=x2ey—x2y‘2—3xy4.

N3 BTOpOro ypaBHEHUSI UMEEM
¢:j(x2ey— X2 y‘2—3xy4) dy= X &+ X V'+ Xy+ C)X
[ToncraBiisisi B mepBO€ ypaBHEHHE, MOTyYaeM:
2xe’ +2xyt+ Y3+ C(R=2x¢+2xy+ ¥ = & 0.
Tak ke, kak U B TmpumMmepe 7, BbIOMpaeM caMyro NpocTyr GyHKIUI C(X),
SIBJISIFOLIYIOCS] PEIIEHUEM IOTYYEHHOr0 YpaBHeHus, TO ecTh C(x)=0. [lo Teopeme 1
oOIIuii MHTErPajl UCXOJHOTO YPAaBHCHUSI UIMEET BUI:

x’e' + X y'+ xy®= C
YACTD 2: JUDODEPEHIIMAJIBHBIE YPABHEHUS 2-'0 ITOPS KA

OcHOBHBIE OIpeeNeH s, CBsI3aHHbIe ¢ AU PepeHnanbHBIMU
ypaBHEHHUSAMHU 2-TO TOPSIIKA

Onpeodenenue 6. O0bIKHOGEHHBIM OUhepenyuanvHbimM ypasHeHuem 2-1o
NOpsiIKa HAa3bIBACTCS YPAaBHEHHE BU/IA!
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F(xy,y.y')=0, §16

B KOTOPOM X — HE3aBHUCHMas IepeMeHHast, y = y(x) —uckoMast QyHKIwus, Yy =y (X) u
y" =y"(X) — ee mepBas u BTOpas Mpou3BOAHBIC, a F — 3aganHas QyHKIMS YETHIPEX
IIEpPEMEHHBIX, ONIPEEICHHAs B HEKOTOPOI 00JIaCcTH IIpOoCTpaHcTBa R*.

Onpeoenenue 7. Ecniun w3 ypaBHenus (16) MOXHO BbIpasuth Y, TO 3TO
ypaBHEHUE 3aMMHUCHIBACTCS B BUJIC

y'=f(xy.Y) (16
)

(nmpeamonaraercs, uto ¢GyHkuus f(x,y,y) omnpeaeneHa B HEKOTOPOH 00JacTh

npoctpaHcTBa R°) u Ha3pIBaeTcs MUQQepeHInaIbHBIM ypaBHEHUEM 2-TO MOPSIIKa,
pa3pelIeHHBIM OTHOCUTENIBHO CTapIIEH TPOU3BOIHOM.

Onpeoenenue 8. Pewmenuem n.y. (16), a taxke na.y. (16), HaswiBaeTcs
byHKIMS y=Yy(X), ONpeAciieHHas W ABaXAbl nuddepeHnupyemMas Ha HEKOTOPOM
uHTepBaie (a b), koTopas, Oyaydu MOACTABICHA B TaHHBIE YPABHEHHS, MPEBpaIacT
9TH ypaBHEHHUS B TOXIecTBa (TO ecTh Ha (ab), COOTBETCTBEHHO, BBIMOJHSIIOTCS

TOXKIECTBA F(x,y(x), Y (X), Y ( x)) =0 wm y'(x)= f(x, Y X), Y ( x)). O6wum peuwrernuem

n.y. (16)u (16) nassiBaercs QyHKIUS
y=9¢(xC,G), (17

YAOBJIETBOPSIOLIAS YCIOBUSIM:
a) OHa SBJSCTCA PEUICHHEM J1.y. TpPH JHOObIX KOHKPETHBIX 3HAYCHHSX
napameTpoB C, u C, (3TU mapaMeTpbl Ha3bIBAIOTCS MPOU3BOJIBHBIMU TOCTOSTHHBIMHU);

0) [1st TF000H TOYKH (xo, Yo 3/0) u3 obactu onpenencHus Qyakuuu f(x,y,y)
HaiiyTcss TakuMe 3HadeHus C,=C) um C,=C), uro ¢yHKuus y=¢(x,C,CY)
YJIOBJICTBOPSIET COOTHOLICHUSIM:

Yo =0(x,,C?, %),
o=’ (3,00, G 0°

Haxoxnenune takux C,=C® u C,=C{” u3 coortHomienuii (18) Ha3piBaeTcs
pemeHreM 3anayn Koy ¢ HaYaJlbHBIMU YCIOBHSIMH (xo,yo,yo). Haitnennyto takum
obpazom pyHku0 y=0(x,C’,C) Ha3bIBAIOT YACTHBIM PEIICHUEM I1.Y.

Ecnu, pemas n.y. 240 mopsiika, Mbl MojlydaeM OOBIYHOE ypaBHEHHE BUJIA
qJ(x,y,q,Q):O, pa3peniuB KOTOPO€ OTHOCUTEIBHO Y MOXKHO TMOJY4YUTh oOOIIee

pelIeHrue HCXOJHOTO J.y., TO BBIPAXKEHUE q)(x,y,q,g):O HA3bIBAIOT OOIIUM
MHTErpajgoM 3Toro AuddepeHnaibHOro ypaBHEeHUS .

Huddepennnanbabie ypaBHEHUS 2-TO TOPSIKA,
JOITyCKAaroIMe MOHKEHUE MOPsIKa

12



1) Ilycte mpaBas 4dacth ypaBHeHusi (16) 3aBUCHUT TOJNBKO OT X, TO €CTh
ypaBHCHHE UMECT BUJI;
y=1(x). (19
)
Torna
Y=g, (R+ G ¥[o.( Y dx Cxo( W Cx C
2) Ilyctp neBast yacth ypaBHeHHUsS (16) He 3aBHCHT OT Y, TO €CTh YpaBHCHHE
UMEET BUII;
F(xy',y")=0. (20
Ecmu cmenats 3ameny y' =z(X), 10 y'=7(X, ¥ MBIl IPUXOANM K ypaBHCHHIO 1—)ro
nopsiaka F(x,z Z)=0, KOTOPOE WHOI/IA MOXKET OBbITh PEIIEHO OJHHM W3 IPHUEMOB,
OINMMCaHHBIX Bhimie. Halins z, u3 cooTHOMICHHS Y’ =2z HAXOAUM Y.

3) [lyctp neBast yacth ypaBHeHHUS (16) He 3aBHCHT OT X, TO €CTh YpaBHCHHE
UMEET BUI:

F(y,y',y")=0 (?1

Eciu caenate 3ameny Yy =z(y), To mo mpaBwiy IuddepeHIMpOBaHUS CIOKHOM
byukiun  y'=Z/(y)Oy(®= 20z U MBI OPUXOAUM K YypaBHEHHIO 1-ro mopsjaka
F(y,z,Z 02 =0, B KOTOPOM HE3aBUCHMOI1 IEPEMEHHOM CIIeJIyeT CYMTATh MIEPEMEHHYIO

Y, a uckomas (DyHKIUS Z 3aBUCUT OT Y. DTO ypaBHEHHUE WHOT/Ia MOXET ObITh PEIICHO
OJHHM U3 IIPHEMOB, OIIMCAHHBIX BhIlIe. Halias z, u3 cOOTHOIIEHUS Yy =2z y) HAXOAUM

V.
Ipumep 9. Pertum 1.y. y” =3sinx cog x. Oxo umeer Bua (19), mostomy:

t = cosx
"= | 3si g xdx= =-3|t?dt=-t>*+C, =—cos x+ C,.
y I SINX oS xdx dt = —sinxdx = sin xdx= - dt I 1 = T00S X+ G

CnenoBaTeiLHO,
y= —Icos" xdx+ G x= —j co$ x coxdx C x —I(l— s )( coxdx Cx

t =sinx B
dt =cosxdx
3

t 1
:—sinx+C1x+j€dt:—sinx+ G x+€+C2 =3 sift x = sik+ C x+G,.

=—jcosxdx+j Sirf X coxdx+ G x=— sin¥ C )d-.[ sin x cosxdx

/

Ipumep 10. Petum a.y. xy' =y In(y?j. Ono umeer Buz (20). ITosromy

npuMeHsieM 3aMeny Yy =z(X), y’ =7 (X u cBoauM HCXoaHOE A.y. K A.y. 10 mopsaka;

) z ,_Z z
XxZ =2n|—| « Z =—In|—]|.
X X \X

OT0 1.y. SABISETCS OAHOPOAHBIM 1.y. 110 mopsiaka. Pemaem ero, BBOAsS BMECTO Z
HOBYIO (pyHKIIHIO Z:
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Z /)
Z:;:Z:ZX: 2=27Z x+ Z

B pesynaprate 93TOM 3aMeHBbl JaHHOE YypaBHEHHWE NPUBOAMUTCS K J.y. C
pa3leNAIOIMMHUCS IEPEMEHHBIMU:

Z'x+Z=2ZInZ (Z—ix:Z(InZ—]) -« xdzZ= ZIn Z-1) dx

Paznensst nepemMenHsble, MoJIydacM:
dz dx

dz dx
znz-1) x ~ jz(|nz—1)=j?'

dt—d—z :j—:lnt:In(InZ—l),To

dz
Tak kak jm =

IN(InZ =) =Inx+InC, = N(InZ-)=In(GXY = In Z-1= Gx= 2z= &,
Tenepp Bo3BpamaeMcst K CTapbIM IEPEMEHHBIM

u=x = du= dx
z=xe"" o ﬂ—xe‘:lX+1 = dy= xé*! dxe I xe*! dx cxil 1 cwn
- dx y= ¥ dv=€€*"dx = v=C—eClX

1

X 1 X 1
=2 gt ——IechﬂdX:—eClm __Zeqm +C,.
C, C, C, C:

OTMCTI/IM, 4TO0, KaK BCC€r/ja, 3HaK1u PaBHOCHUJIBHOCTHU IIOHUMAJIUCh Y HAC Ha O6J'IaCT}IX,
rac 1aHHbIC paBHOCUJIIBHOCTH MOKHO OBLIO 3amucaTh.

Ipumep 11. Pemum m.y. yy’ —()/ )2 = yIn y. Ono umeer Bupa (21). I[TosTomy
npuMensieM 3ameny Y =2z(y), y'=Z (yYy( = z0Ozu CBOOUM HCXOAHOE I.y. K A.y. 1-
ro nopsimka yzZz — Z= yIn y JleneHueM Ha yz TPUBOAMM 3TO YpaBHEHHE K [I.y.
bepnymnu:

Z —lz: yln yiz*.
y

Pa3o0bem pernienue Ha 3Tarbl:
a) z=uv= Z=Uuw u=

u'v+uv —%uvz yin yai'vt = adw E (/——iv} = yln yitv?'

(3aMeTuM, 4TO TaK KakK Z 3aBUCHT OT Y, TO U (PYHKIIUU U U V 3aBHUCHAT OT Y);

y v oy Y, y
I |
B) Uy=yln yait y* - ﬂ—j;:ln yrt o uduz%dy - [ udu=| nyydy.

Iny t:Indy t? In®y
Tak kak dey: dt:7y :jtdt:E+Clz >

u® _In
= 2y+Cl = u=4/In? y+2C.

+C,, TO IIOIy4aeM.
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d
Bcnomunas teneps, 4to z = d—y , IMEEM.
X

Yy fin? L) U S - A
dx yyIn“y+2C ylin? yr2C dx jy n? y+2C x+C,.
t=Ilny
d d e Y.

TO OOIIUI UHTETrPaJl UCXOAHOTO J1.Y. UMEET BUI: In(ln y+4/In*y+ ZCl) =x+C,.

JluHeliHbple OTHOPOIHBIE /1.y. 2-T0 TOPSIIKA
C MOCTOSIHHBIMU KO3 PUIIieHTaMu

Onpedenenue 9. Jlunennvim 00HOPOOHBIM 0.y. 2-20 nopaoka ¢
NOCMOAHHBIMU KOI(PPuyuenmamu Ha3bIBACTCS] ypaBHEHNE BU/IA!

y" +py +qy=0, (22
)
Trac p u q — HCKOTOpBIC HCﬁCTBHTCHBHBIC qucJia. Xapaxmepucmuuecxum

ypasnenuem 1.y. (22) Ha3pIBacTCS KBaJIpaTHOC YPaBHEHHUE OTHOCHTEIIBHO MapameTpa
A, monryuaronieecs u3 ypaBaenus (22) popmansHoii 3amenoit y’ Ha A°, y' HAaA ny
Ha 1.

TakuM 00pa3oM, XapaKTepUCTHUECKOE YypaBHEHUE U epeHIIMaTIBHOTO

ypaBHeHus (22) uMeeT BU/:
N +pA+0=0. (23
)

[Tyctb A,,A, —KopHH ypaBHeHUs (23). Bo3MOXHBI TpH cirydast:
a) KOPHU JICUCTBUTEIHHBI M PA3IIMYHBI, TO €CTh A, #A,;
0) KOpHHU JICHCTBUTEIILHBIE COBIAJAIOIINE, TO €CTh A, =\, ;
B) KOpHH KOMIIJIEKCHBIC, CONPSDKEHHBIE, TO €CTh A,,=0*iB, rue i=J/-1 — MHHUMas
€IMHULIA.

Teopema 3. B kaxxioMm U3 ciry4aeB a), 0) U B) BUJ o01iero pemenus 1.y. (22),
KOTOpOoe 0003Havaercs Y,,, IpeICTaBiIeH B TaOJIULIE!

Cnyuait | OOmiee pemieHue Yy, 1.Y.
(22)

a) Yoo = Ci[E" + CIB”

0) Yoo=€"( G+ GY

B) Yoo = e“x( Csin x+ C,cof >)

Lokazamenbcmeo 3TOU TEOPEMBI MbI IIPOBEJIEM TTO3HEE.
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Ipumep 12. PeminTs crneayromue JIMHEHHbIE OTHOPOAHBIE N.y. 2T0 MOpsAIKa
C TOCTOSTHHBIMHU KO3 (HUITIEHTAMH

1) y'+y -6y=0;

2) y" -10y' + 25y= 0;

3) y" +14y +53y= 0.

Pewenue. 1) XapakTepuCTHUECKOE YpaBHEHHE JaHHOTO J.y. MMEET BHUJ
N +A-6=0. Pemraem 9TO KBaJIpaTHOE ypaBHEHHUE:

_ —1+41+ 24 -1%5

12— 2 - 2
Ta0JIMIIBI) TT0JTydaeM oOlIee perieHue: y,, = C,e > + C, é~.

2) CocraBiiieM XapaKTepUCTHUYECKOE ypaBHeHHE. A* —10\ + 25= 0. Permmas ero
o dbopmyne c MTOJIOBUHHBIM Kod(punreHTom, MOJTy4aeM:
A, =5%+425-25= 5= A, =\, = 5 Ilo Teopeme 3 (CM. BTOpPYIO CTPOKY TaOJIHIIbI)

A

= A\, =-3,A,=2. Ilo Teopeme 3 (CM. MEpPBYIO CTPOKY

HoJiydaeM oOIIee peIIeHue. Y,, = € ( C+¢C >§ :
3) Pemras xapakTepucTHUecKoe ypaBHeHHE A +14\+53= 0 mo dopmyie ¢
NOJOBUHHBIM KO3(pUIUEHTOM, HMeeM: A, =-7++49-53=-T+- 4~ & B, TO

€CTh B TeOpeMe 3 HYKHO BbIOPATh TPETHIO CTPOKY: Y,, = e‘7X(Qsin2 x+ C co >) .

YACTbD 2: JUODOEPEHIIUAJIBHBIE YPABHEHUA 2-1'0 TTOPAAKA

JluneltHbie HEOTHOPOIHBIC 1.Y. 270 MOPSAKA
C MIOCTOSIHHBIMU KO3 PUIIieHTaMu

Onpedenenue 10, JIMHEWHBIM HEOIHOPOAHBIM [.y. 240 TMOpsAKa C
HOCTOSIHHBIMU K03(pULIMeHTaMU Ha3bIBAETCS YPaBHEHHUE BHUJIA!
y'+py +ay (3, (24

rae Pu g —HEKOTOPHIC JICCTBUTEIILHBIC YHCIIA.

CnpaBeqnuBa ciaeayronas

Teopema 4. Obougee pewenue n.y. (24) koropoe obo3Hauaercs Y,,) paBHO
CyMMe o00u4ec0 peuwieHus COOTBETCTBYIOIIECTO OJHOPOIHOTO YypaBHeHHS (22) u
KaKoro-jan0o uacmuozo pewmenus (kotopoe o0o3Havaercs Y,,) A.y. (24),T0 ecTb:

You™ Yoo +Yen- (?5

Hokazamenbcmeo IPOBEZIEM B MOCIICIYIOMINX JEKITUIX.

OOmue pemieHUs JIMHEWHBIX OJHOPOIHBIX YypaBHEHUH (22) MBI HAXOJUTh
ymeeM. [losTomy u3 Teopembl 4 BBITEKAET, YTO AJS HAXOXACHUS OOIIETO pelIeHHs
JMHEWHOTO HEOJHOPOIHOTO YpaBHEHUs (24) 10CTaTOYHO HAYYNUTHCS HAXOAUTH JIUIIH
OJTHO YaCTHOE PELIeHHE ITOTO JI.y.

3aiiMeMcsl BaKHBIM CIIy4aeM, KOT/ia IpaBasi 4acTh ypaBHEeHUs (24) umeeT BUIL:
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f(x)=€*] R,( Ycosbx Q ( Rsin b, (26
)

rae au b — meficTBUTENBbHBIC YKcha, a P (X) B Q,(X) — MHOTOYJIEHBI COOTBETCTBEHHO
M-oit U N-oii cTermeHW. MeToa MOCTPOEHHUsT 4acTHOro perneHus a.y. (24) ¢ takoi
MPAaBOM YaCThIO JTOCTABJISIET CIICAYIOIIAs

Teopema 5. CocTaBisieM KOMIUJIEKCHOE 4YHUCIO a+ib, rae AelHCTBUTENIbHBIC
gricyia & v b B3saThI U3 BeIpakeHus (26). Torma B 3aBUCHMOCTH OT TOTO, SIBIISICTCS WIIH
HE SBJISICTCS YHMCIO a+ib KOpPHEM XapaKTEepPHCTHYECKOTO ypaBHeHUs (23), BUI Y.y
ompeenseTcs: TabINIIeH:

Yucno a+ib Bun Vg
1. He SIBJISIETCS Vau =
KOpHEM e |P, (x)cosbx+ Qk(x)sinbx]
XapaKTePUCTUUECKOT
0 YpaBHEHUS
2. HBHHeTCﬂ KOpHeM qu - Xeax 5k(X)COQJX+ q((X)Sian
XapaKTEPUCTHIECKOT
0 ypaBHEHUS

KpatHoctu 1

3. SABnsercs KopHEM Yo = X ea"’Pk(x)coéax+q<(x)sinbx]
XapaKTepPUCTUYECKOT

0 ypaBHEHUS
KPaTHOCTH 2

31ech Ek(x), ék(x) —MHOrowIeHsl cremend K , rme  k=max(m,n).
Kosddumumentsr 3TUX MHOTOWICHOB HAXOASATCS METOJAOM  HEOIPEACICHHBIX
K03 (HUILINEHTOB.

Lokazamenbcmeo IPOBEEM B MOCIEYIOIINX JICKIUAX.

3ameuanue. 1) Eciim B BeipaxkeHun (26) OTCYTCTBYIOT TPUTOHOMETPUYECKHE
GyHKIUH, TO 3TO 03HAYAeT, YTO b=0, TO €CTh HY>KHO IPOBEPSTH, SBIACTCS JTU YUCIIO
a KOpPHEM XapaKTEepUCTHUYECKOTO YpaBHEHHMs, M, OUYEBHUIHO, cieayeT OpaTb k=m.
Ecim x Tomy e B (26) oTcyTcTBYeT moKaszareiabHas (pyHKIHS, TO 3TO 03HAYAET, YTO
a=0, TO €eCTb HYXHO TMpoBepATh, sBAseTcs Ju uyuciao 0O KopHeMm
XapaKTePUCTHYECKOTO YPaBHEHHUSI.

2) Ecnu b#0 wu umcino a+ib seasemcs KOpPHEM XapaKTEPUCTUUYECKOTO
ypaBHEHHUs, TO W3BECTHO, YTO COMPSIKEHHOE KOMILJIEKCHOE YHCIO a-ib Takxke
SBIIIETCS  KOPHEM  OJTOTO  ypaBHEHHWsA, a Tak Kak paccMaTpuBaeMoe
XapaKTepUCTHUECKOE YpaBHEHHE — KBaJpaTHOE, TO KPATHOCTh KOpHA a+ib —
enuauna. [loatomy BapwaHT 3, OmMMCaHHBIM B TaOiuile, B JaHHOM Ciydae
HEBO3MOJKEH.

Ipumep 13. Pemnm ypaBHeHue y' -4y=x-1.

a) 3amuchiBaeM XapaKTEPUCTHYECKOE ypaBHEHHE, pellaeM ero W HaXOJIuM

Yoo
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N-4=0 = A =2 N, =-2 = Yy,=C,[&¥+C 0.

0) CocraBisem a+ib. Tak kak 3aech a=0 u b=0 (cM. 3amedaHue TMOCIe
Teopembl 5), To a+ib=0. Yucno O He SBISETCS KOPHEM XapaKTEPUCTUYECKOTO
ypaBHeHus. 13 TeopeMbl 5 BbITekaeT (CM. 140 CTPOKY TaOJIUIIbI), YTO Yo, = Ax+B,
rne A u B —nokamect HeusBecTHble kod(dduuuentsl. Haiinem ux. [loacraBum Y., B
UCXOHOE YypaBHEHHE. Ty TMOJCTAHOBKY YyIOOHO OCYIIECTBISATH CJEAYIOIINM
oOpa3oMm (1 yrporieHuss 0003HAYCHUH MBI YIIOTPEOJIIeM Y BMECTO Y,y

-4y Ax+ B
oy A
1 y// O

-4AXx-4B= x-1
HpI/IpaBHI/IBaeM clIeBa U clpaBa Koa(I)(I)I/IL[I/IeHTLI IIpU OAUMHAKOBBIX CTCHCHSIX X
(B OTOM U 3aKJIFOYAETCS METOJ HEONPEICIICHHBIX KO:—)(b(bI/IuHeHTOB):

X|-a4=1= 4=-+
4
x°|-4B =-1= B :l
4
Urak, Y., = —%x +%.
B) PykoBoacTBysch popmyioii (25), monydaem:

X —zX 1
You = C1€2 +C,e 2 —ZX+Z.

I[pumep 14. Pemium n1.y. y" —4y' +3y= €*.

a) 3amuchiBaeM XapaKTEPUCTHYECKOE ypaBHEHHE, pEIlaeM ero M HaXOJIuM
Yoo

N-a\+3=0= A, =1A,= 3= y,=Ce +C,é&.

0) CocraBimsieM a+ib. Tak kak 37aech a=5 u b=0 (cM. 3amMe4aHHe TOCIE
TeopeMbl 5), To a+ib=5. Uucino 5 He ABIICTCS KOPHEM XapaKTEPUCTHUYECKOTO
ypaBHeHHs. Tak Kak MHOTOWIEH, CTOSIIIMK Mepe mokazaTebHou dhyHKIMeH, paeH 1
(To ecTh WUMeEET HYJIEBYIO CTCIEHb), TO U MHOTOWICH, BXOMASAIIMA B COCTaB Yy,
JOJKEH MMETh HYJIEBYIO CTENEeHb, TO €CTh JOJIKEH ObITh KaKOH-TO KOHCTaHTOM.
CrnenoBatesbHO, Y.,=A€> . Haxoaum A:

3 y A e5X
—4y' 5AE™
1ly” 25A ™

3Ae™ - 20A€* + 25A& = &
1 5x
[Tonyuaem: 8Ae™ = € = A=§. To ecTb, Y=g -
B) [1o Teopeme 4
5%

e
You :C1ex + Czéx * 8
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Ipumep 15. Pemmium n1.y. y” -9y’ +20y= x* €.
a) Haxomum vy,,:
M -9\+20=0= A, = 4 A\, = 5= y,,=Ce&"* +C &.
0) Tak kak a=4,b=0 wu 4 sBIAETCI OJHOKPATHBIM KOPHEM

XapaKTEPUCTHUECKOTO YpaBHEHHS, TO MO TeopeMe 5 (CM. 240 CTPOKY TaOJIHIIbI)
YacTHOE  pEIIeHHEe HCXOJHOIO0  HEOJAHOPOJHOIO  ypaBHEHUS  MMEET  BUJ!

Vau= x(sz + Bx+ (j é :( AX+ BXx+ C)x ®. Haiinem xoaddunmentst A, B u C:
20| y (Ax3 +Bx* + C)% &
~9y'|(3Ax? +2Bx+ Q) & +4 AR+ B%+ Ck&=(4 Ak 3 A% 4 Bx 2 Bx4 @x)Ce
1)y"| (12Ax? + 6Ax+ 8Bx+ 2B+ 4Q & +( 16 Ak+ 12A%+ 16B%+ 8Bx 16Cx 4/C%e
20AX° + 20BX° + 20Cx— 36AX - 27AX- 36BX— 18Bx 36Cx 9 16Ax 24Ax
+16Bx* +6Ax+16Bx+ 16Cx+ 2B+ 8C= X
[IpupaBHUBaeM ciieBa u cripaBa K03GOUITMEHTHI IPU OJIMHAKOBBIX CTEMEHSX X:

1
X2 -3A=1= A=
X[6A-2B=0=> - 2-2B=0= B=-1
x°l 2B-C=0= -2-C=0= C=-2

1
Urax: qu=—(§x3 + x2 +2xj e,

1
B) You =C,e* + C, & —(gxe’ + x? +2x) e".

Ipumep 16. Pemmum 1.y. y” +y=3sinx.
a) ¥+1=0 = AN=-1 A,=#i = y,=C,Binx+C,[tosx.

0) Tak kak a=0,b=1, TO a+ib=i ecrb (OAHOKpATHBIN) KOpPEHBb
XapaKTEPUCTUUECKOTO ypaBHeHus. [TosTomy Y= x(ASin x+ Btosx) . Haiinem A u B:
y x(Asin x+ Bcosx)
y' Asinx + Bcosx+ Y Acosx- B sin}
y” Acosx - B sinx+ Acox— B sin¢ - Asine B cog

x(Asinx+ Bcosx) + Acosx— B sins Acosc B sim (¢ Asinx Bcose3  six

Nrak, -2Bsinx +2Acosx = 3sinx . [IpupaBHsemM kK03 HUITMEHTHI IPU SiNX U TIPU COSX
(BO3MOYKHOCTh TaKOTO JCUCTBHUS CBSA3aHA C JIMHCWHOW HE3aBUCHMOCTBIO (DYHKIIMH
sinX W Cosx , KOTOpas OyJIeT JI0Ka3aHa Mmo3Hee):

sinx|-2B=3= B=-32

cox| 2A=0= A=0

3
[Toatomy Yyu=- 3 XCOSX .

. 3
B) You =C, [Sinx + C, [E0osX 5 XCOSX.

Ipumep 17. Pemium 1.y. y" -8y +16y= &*.
a) M-8\ +16=0= A, = 4= y,=€*(C+C¥.
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0) Tak xak a+ib=4 ecTh JOBYKpaTHBIH KOPEHb XapaKTEPUCTUUECKOTO
ypaBHEHUs, TO Mo Teopeme S5 (cM. 340 CTpPOKY TaONHIBI) YacTHOE pEUICHUE
MCXOHOTO HEOJHOPOIHOTO YPaBHEHHS UMEET BUI: Y., = Ax’e™ . Haiinem A:

16 y sze4x
y' 2A%E™ +4 AR &
11ly” 2Ae” + 8AXE* + B Ax& +16 AX B
16AX*e™ —16Ax& — 32AX &+ 2 A8+ 8 AX®¥+ 8 AXer 16 AxX*e *e
1 X2e4X
[Tomygaem: 2Ae™ = € = AZE' Taxum 06pazom, qu=7

X2e4x
B) You :e4x(cl+ C2X)+ 2
Teopema 6. Yacthoe pemenne ypaBaeHus y' + py +qy= f( X+ f£( ¥ MOXHO
HOJIYYUTh B COOTBETCTBHHU C (DOPMYIIOA:
Yau= Yan1+ Yan2, )(27

T71€ Yau1 ¥ Yau2 — YaCTHBIE PEIICHHMSI, COOTBETCTBEHHO, YpaBHeHUH y" + py + qy= {( X
/1 —
uy'+py +ay= £(X.
Hoxazamenbcmeo TPUBUAIBHO.

Ipumep 18. Pemnm 1.y, y" +y= xe& +2€*.

a) ¥+1=0 = AN=-1 A,=#i = y,=C,Binx+C,[tosx.

0) O6o3naunm  f(x)=x€&, f(X)=2€*. IlpaBoit wactm f(x)=X€
COOTBETCTBYET @ +ib, =1, KOTOpOoE€ HE SBIAECTCI KOPHEM XapaKTEPUCTHYECKOIO
YpaBHEHUS, IOITOMY

Yau1=(Ax + B) €.
IIpaBoit yactu f,(x)=2€™ COOTBETCTBYET &, +ib, =—1, KOTOPOE TAKKE HE SABIIETCS
KOPHEM XapaKTEPUCTUYECKOIO YPABHEHUS, II0O3TOMY

qH2=CE_X .
ITo Teopeme 6 umeeM: Vou= Yau1+ qu2=3(/Ax + B)&+Ce™. Haiinem A, Bu C;
y (Ax+B)e + Cé*
y' Ae +(Ax+ B & - C¥&
y” Ae‘+ A€ +( Ax+t B &+ Cé¢

(Ax+B)e& + Ce*+ A&+ Ab+( Ax B*er Ce= Xe2 e

Urak, 2Axe +(2A+2B &+ 2Ce& = x&+ 2¢. IlpupaBHuBas KOI(PQULUEHTHI IPH
QyHKIMAX X€, & u e (KOTopble, Kak OydeT MOKa3aHO, SBJIAKOTCA JMHENHO
HE3aBUCUMBIMH), TIOJyYaEM:

xe| 2A=1= A=72

e |2A+2B=0=> B=-12

e 2=2=C=1
CnenosarensHo, Yo,= (0,5x — 05e*+e™.
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B) Yo, =C, Binx + C, [tosx+(0,5x — Q. 5e"+e ™.

YACTb 3: OBLIIAS TEOPUS JIMHEMHBIX JITUDPDOEPEHIIMAJILHBIX
YPABHEHHNU n-1'0O ITOPA KA

OcHOBHBIE OIpeieNieHus, CBsI3aHHbIE C U] PepeHIInaTbHBIMUA YPaBHEHUSIMU
N-ro nopsaka. Teopema CyniecTBOBaHUS U €IUHCTBEHHOCTH PEILICHUS

Onpedenenue 11 QovikHOBeHHbIM Oughhepenyuanbnvim ypasuenuem N-r1o
NOpsiIKa HAa3bIBACTCS YpaBHEHHE BU/IA!
Fx,y. Y. ¥Y....y¥")=0, (28
)

B KOTOPOM X — HE3aBHCHMas TMEpEeMEHHas, Y = Y(X) — uckomas QyHkiwus, y' =y (X),
y' =y (x),...,y¥" = ¥ (X) — ee mepBas, BTopas,... N~ MPOU3BOAHLIE, a F — 3amanHas
GbyHKIHS, OIpeeieHHas B HEKOTOPOi 00JIACTH MPOCTpaHCcTBa R™?,

Onpeodenenue 12. Eciu u3 ypaBHenus (28) moxHO Bbipasuth y™, TO 3TO
ypaBHEHHUE 3aITUCHIBACTCS B BUIC

YO = Y e YY) (28
)

(npeanonaraetcs, 4to GyHKus f(x,y,Y,...,y"™ ) onpenaeneHa B HEKOTOPOi o0nacTu

npocTpancTBa R™) u HaszpiBaeTcs AudQepeHIaIbHBIM YpaBHEHUEM N-T0 TOPsIKa,
pa3penieHHbIM OTHOCUTENIBHO CTapIlield MPOU3BOIHOM.

Onpedenenue 13. Pewenuem n.y. (28), a tawke n.y. (28), HaswbiBaetcs
bynkuus y=y(X), ompeneneHHas u N pa3 auddepeHuupyemas Ha HEKOTOPOM
uHTEpBaie (a b), koTopas, OyAy4yu MOJACTABICHA B JJAHHbIE YpaBHEHUS, IIPEBpaIIacT
9TH ypaBHEHHS B TOXJecTBa (TO ecTh Ha (ab), COOTBETCTBEHHO, BBITOJIHSIOTCS

TOKIECTBA F(x,y(x), V(X),Y(%,.. ¥ (xj =0 WIH
y("W(x) = f(x, W X), Y(R,..., V7 ( xj ). Obwum pewmenuem 1.y. (28)u (28) HaspiBaercs

byHKIUSA
y=9¢(xC,G,...G), (29

yIIOBJIETBOPSIOIAS YCIOBUSM:
a) OHa SBJSCTCA PEUICHHEM J.y. TpPH JHOObIX KOHKPETHBIX 3HAYCHHSX
napamerpoB  C,, C,,...C,(3Tu mapameTpsl  Ha3bIBAIOTCS  MPOU3BOJILHBIMH

MOCTOSTHHBIMH);

0) s ar000K TOYKH (xo,yo,yo,..., 0”‘1)) u3 o0JacTu ompezeneHus QyHKIUHU
f(x,y,y,....y"™ ) Haiigyrcs Takue 3Hauenust C, =C?, C, =CJ,...,C, = C°, 4T0 (yHKIHS
y=0(x,C.,C7,...C°) yIOBICTBOPSAET COOTHOIICHHUSIM:
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Yo = (%0, C1. G- )
¥ =0/(%,C. G, )

........................................ (30
Y =0 (%, 3G )
Haxoxnenne Ttakux C,=C], C,=Cj,.., C,=C° u3 coorHomenuii (30)

HA3bIBACTCS pelleHueM 3anaun Kol ¢ HadaabHBIMU YCIOBUSIMHU (xo, Yor Yoreees 0“‘1)),
Hatinennyro Takum obOpasom ¢yHKIU0 y=¢(x,C.,Cs,...C°) Ha3bIBAlOT YaCTHBIM

pELIECHUEM 1.y .
Ecmm, pemas m.y. N-To mopsiaka, Mbl TOJy9aeM OOBIYHOE ypaBHEHHE BHJIA
q)(x, y,Cl,Cz,...,Cn) =0, pa3peumrB KOTOPOE OTHOCUTEIBHO Y MOXKHO IMOJYyYUTh 00I1Iee

pelIeHHe MCXOJHOIro J.y., TO BBIpa)KCHHUEC CD(x,y,Cl,Cz,...,q) =0 Ha3bIBAIOT OOLINM
MHTETPaIoM 3TOro A pepeHnaibHOro ypaBHEeHNUS.

ChopaBe/yiBa CleAylolias TeopeMa CyIIECTBOBAHUS W CIUHCTBEHHOCTH
petrenus auddepeHnraibHoro ypaBuenus (28).

Teopema 7 (teopema Komm). [Tycts B HeKoTOpOit obmactu D O R™ dyHKIms
f(x,y,Y,....¥"™ ) HEmpepbIBHA 10 COBOKYITHOCTH IMEPEMEHHBIX X,VY,Y ,...,}" " H nUMeeT
HETIPEePBIBHBIC YAaCTHBIC MPOU3BOIHBIC IO MEpeMEeHHBIM Y, Y ..,y . Torma ms

0001 TOUYKH (xo,yo,)/o,..., O”‘”)D D CyLIECTBYET €IUHCTBEHHOE PEIIEHUE Y = Y(X)

n.y. (28), ynoBneTBopstoliee HauaibHblm YC108UAM.

yo = y(XO)

Yo = Y (%)

_ .......... _ ......... (31
(n-1) — \,[(n-1

DTO pellIeHue ONpeIeSICHO Ha HEKOTOPOM MHTEpBaje (xO -9,X, + 6) ,rae 6>0.

Lokazamenbcmeo 3TOM TEOPEMBI BBIXOAWT 3a PAMKHU HAIIEW NPOrpaMMbl U
O3TOMY OITyCKAETCH.

[Tycth ycinoBusi Teopembl 7 BbIMOJNHEHBI. OOBIYHO HA MPAKTUKE CHAvalia
HaxoAsaT obmee perienne (29) nuddepeHnnaap-HOr0 ypaBHEHUs, a 3aTeM, periast
CHCTEMY
Yo = 0(%,,C, Cyp-.,G)
yé = q)/(XOle_! CZl---sq])

........................................ (32
y& =62 (x,,C,, Gy, G )
OTHOCUTENBHO TepemeHHbix C,,C,,...,C,, HaxomsaT 3Hadenus C,=C;), C,=Cj,...,

1™~n

C, = C?, nocTaBJsoIIHe AMHCTBEHHOE peteHue y = d(x,CL,Co,...Co).

Ilpumep 19, Halitu dYacTHOe peEIICHHWE  [I.y. (co§x) 0O/ + y= tgx,

YIOBJIETBOPSAIOLIEE HAYAIILHOMY YCJIOBHIO Y(0) = 4.
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SIcHO, 9TO 3TO JIMHEHHOE HEOHOPOAHOE A.y. 110 mopsiaka (YaCTHBIA Ccirydaii
ypaBHeHus: bepuymin). Ilpumensist MeTo ¢dakTopu3aluyu 3aBUCUMON MEPEMEHHOM,
HalzieM oO1iee peleHrue JaHHOTO 1.y .

a)y=uly y =dw u</:>(co§ >}(J\+(co§ )(d\ﬁ uw tgx
- (co§ x)u’v+ L[( co$ x) v+ \}= tgx.

dv dv dx dv dx
0 g \/+ =0 = dxl—=-V o —=-— - |—=- -
)(CO X) Y (CO X) dx v v co<? X v Icoszx
= Inv=-tgx = v= e,
du 1 dx
gx)U e = tgx = — =tgx[E¥ = u=|tgxE* =
®) (cosx)e P ax T coex T j PEE o x

dx
=|t:tgx = dt=E|=jtetdt=té— e+ C= tgue - &+ C

r) y:(tngégx - e”+ C) e = tgel+ CIE™
Haiinem Teneps 4dacTHOE pelieHue, yIOBIETBOPAIONIEE YCIOBUKO Y(0)=4.
[ToacTasnss B oO1ee pemienre BMecto X unciio 0,a BMecTo Y uncio 4, noaydaem:
4=tg0-1+Ce'®° ~ C=5.
[ToacTraBuB Teneps B obmee pemenne C =5, moirydaem y = tgx—1+ 5%,

IIpumep 20. Haiitu yacTHOE perieHue a.y. yy' —( y )2 =0, yIOBJIECTBOPSIONICE
HavaJIbHBIM yCIIoBUsAM Yy(0) =1 y' (0) = 2.

D10 [.y. 240 HOpsSIKa, HE COAEpKallee HE3aBHCUMOW IEPEMEHHOM X.
Haiinem cHauana o0imee pereHus ¢ MOMOIIBIO 3aMeHbl Y = z(y), Y = 20z

dz dz dy
@ z- 7=0 = =7 « —=— = Inz=lny+InC = z= .
y )E—dy Zy y+tinG GV
Bo3Bpaiasce K HCXOJTHON ITIEPEMEHHON, UMEEM

dy _ dy _ dy _ _ x+C,
&—Cly - V—Cldx - J-V—.[Cldx = Iny=Cx+ C, = y &%,

Jlns peanusalMd HadalbHBIX YCIOBHH HaM IOHAIOOUTCS IIPOM3BOIHAS
obrtero perrenus: y' = C, €%, [loacrasisist B o01ee pemieHre Bmecto X yucio 0, a

BMECTO Y 4Kciio 1, monyvaem repBoe ypaBHEHHE Ui HaXxoxaeHus C, u C,
1=e""% « e2=1 C=0.
[ToxacTaBnss B MpOM3BOAHYIO 00IIero pemieHus Bmecto X uucio 0, a BMecTo Y
YKCIIO 2, MOJy4YaeM BTOPOE ypaBHEHHUE sl HaxoxaeHust C, u C, :
2=Ce™® « C=2.
Takum 00pa3oM, HCKOMOE YaCTHOE PEIICHHE UMEeT BU Y = €.

Jluneiinpie nudpepeHianbHble ypaBHEHUS N-Tro MopsiaKa
Y TeOpeMa CYIIIECTBOBAHUS U €JUHCTBEHHOCTHU UX PEIICHUI

Onpedenenue 14. JINHEWHBIM 1.y. N-TO NOPSAAKA HA3bIBAETCS YPAaBHEHHUE BU/IA:

a, ()Y +aL(y Va3 Y+ A X ¥ € X §33
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rae a,(X),...,a (x), f(x) — u3BecTHble (DYHKIMH, OMPEACIICHHbIE U HENMPEPhIBHBIE Ha
HEKOTOpOM MHTepBaie (a,b).

B nanbHelitiem a1t IPOCTOTHI MBI OyJIeM paccMaTpUBaTh TOJIBKO T€ J.y. BUA
(33),y koTOpBIX a,(X)=1, TO €CTh YPABHCHHUS:

YU +au ()Y e xa( ¥+ a3 F (Y §34
Teopema 8. Paccmorpum o6nacts D 0 R™, 3a1aHHYIO HEPABEHCTBAMMU:
a<x<b
—®0<y<+w

—o0 <y < oo,

Torma nns m060i ToukH (xo, Yor Yor--os 0“‘1’) 0D CylecTBYET EAUHCTBEHHOE PELICHUE

n.y. (34), ynosnerBopsitoniee HadambHbIM ycioBusiM (31) u ompeneneHHoe Ha BCeM
unTepBane (a,b).

Hokazamenvcmeso. Ilpusenem a.y. (34)k Bumy
YW =-a,00 Y -~a(0 Y- a3 ¢ ()
1 0003HaYUM
Fyy Y E—an ()Y -ima (0 Y - 3(9 (03,
Scuo, uto dyHkuusa f(x,y,Y,...,¥"™ ) HenpepbiBHa B D 1m0 COBOKYIMHOCTH CBOUX
NEpEMEHHBIX, TaK KaK MPEACTAaBIICT COOOM CyMMy IMPOW3BEACHHN HEMPEPHIBHBIX

byHkuuid. Jlanee, BBUAY MPUHITOTO COTJIAIICHUS, YACTHBIC TPONU3BOIHBIC

of of of

ST TH(X), =T X), oy T T3 (X
HenpepolBHEI Ha (a,b), a cnemoBarensHo, U B obmactu D. Takum oGpazom, mis
HAIIIETO YpaBHEHUS, KOTOpoe numeeT BuA (28), BHIIOIHEHBI BCE YCIOBUS TEOPEMBI 7,
COrJIAaCHO KOTOpOM s Jr00OM  TOYKH (xo,yo, Yooeeer 0“‘1’) 0D cyluecTByer
¢JIMHCTBEHHOE pemreHue 1a.y. (28), yaoBineTBopsroiiee HadaabHBIM yciaoBusM (31).
Mpl ommyckaeMm J10Ka3aTeIbCTBO TOrO (hakTa, uTo MOJYyYCHHOE PEIICHUE OINPEIeICHO
Ha ecem wuntepsane (ab) (3TOT (akr He cueayeT M3 TEOpeMbl 7, KOTOpas

rapaHTUPYyeT CYIIECTBOBAHUE W €JAMHCTBEHHOCTh PEUIEHUS JIHIIb Ha ' MaJoM"
uHTepBaie (x,-8,X,+3)).

Ipumep 21 Haiitu dactHOe pernenue p.y. Yy’ +y —2y=cosx-3sinx,
yIOBJIETBOPSIIOIICE HaYaaIbHBIM yCIIoBUsAM Y(0) = -1 vy (0) = 3.

OTO IWMHEHHOE HEOJHOPOAHOE J.y. 2T0 TOpsAKa C MOCTOSHHBIMH
ko3 duimeHTamu, modtoMmy oo ummeer Buxa (34). U3 Tteopemsl 8 ciemyer, uTo
MCKOMOE 4YacTHOE pelleHrne OyAeT eAMHCTBEHHBIM M OyJeT OMpeleieHO Ha Bcel
npsAMOii (— oo, +w0) . Halinem cHauana y,, .

a) M +A-2=0= N\, =-2 A, =1 y,,=Ce” + G é.
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0) Tak xak a+ib=i He sBJIAETCS KOPHEM XapaKTEPHUCTUUYECKOTO ypaBHEHHS,

TO
Yar= ASiNX + B co<X .
Haiinem A u B:
-2y Asinx + B cosx
1y Acosx — B sinx
1ly” — Asinx — B cosx
-2(Asinx + Bcosx) + Acosx— B sinx- Asinc B coss cox3 six
Hanee:
sinx|-3A-B=-3
cox| A-3B=1.

CnenoBartenbHo, A=1 B =0, TO €CTh Y,;=SinX.
B) You =C,€° + C, & +sin x.
Bynewm Tenepb BMECTO Y, MUCATh Y U BEIYUCIUM IPOU3BOIHYIO:
y' =-2C,e* + C, & +cos x
Hcronb3yst HadalbHbIE YCIIOBHS, TIOIy4aeM CUCTEMY YPaBHEHHIA:
C,e”+C, & +sin0=-1 {C1+C2:—1

C,=-1C,=0 = y=-e*+sinx.
-2C,e°+C, & +cos0= 3 -2C,+C,=2 =1 G y

YACTD 3: OBILIIAA TEQPHH JIMHEMHBIX JANODOEPEHIIMAJIBHBIX
YPABHEHHWMU n-T"O TTOPSJIKA (npoaomkenue 1)

JInHelHO 3aBUCUMBIE U TUHEWHO HE3ABUCUMBIE
cUCTeMbl QyHKIUI

[Ipexxme, yeM MNPUCTYNHUTh K MPOPaOOTKE MAaHHOTO pasfeia, YHUTATEIIo
PEKOMEHIYETCS BOCCTAHOBUTHh B MaMATH TOT Marepuan JICKUIWH N0 JIMHEWHOU
anredpe, KOTOPBIN CBS3aH C TEOPHUEH OMpPENeNUTENeH, PEIICHHEM CUCTEM JIMHEHHBIX
YPAaBHECHUW, MNOHATUAMHU JIMHEWHOM HE3aBUCUMOCTH W JIMHEMHOW 3aBUCUMOCTHU
BEKTOPOB M T.I. DTO IOMOXET TIIy0)ke pa3o0parbcsi B CTPYKTYpe U HJICHHOM
COAEPKAHUM PE3YJbTATOB, K U3JIOAKECHUIO KOTOPBIX MbI IEPEXOIHUM.

Onpedenenue 15, Ilycts dyHrumm ¢,(x),0,(x),....0, (X) ompeneneHsl Ha

untepBaie (a b). Ecam cymecTBylOT HOCTOSHHBIE O,,0,,...0,, CPEAN KOTOPBIX XOTS

OBl OJIHA OTJIMYHA OT HyJIs, TAKKE, 4TO 1y Becex X ((a b) BBIIOMHAETCA TOXKIECTBO
0o,9,(X) + a9 ,(X)+..+0,¢,(X)=0,

To QyHKUu ¢,(x),$,(x),....0, (X) HA3BIBAIOTCS JUHEHHO 3aBUCHMBIMHU Ha WHTEpBAJIC

(ab). B mpoTMBHOM Cilydae OHHM Ha3bIBAIOTCS JIMHEHHO HE3aBHCHMBIMU Ha JTOM

VHTEPBAJIE.

I[pumep 22. Ha umcnoBoii mpsamon (-oo+0) paccMoTpuM  (QyHKIUH:
b,(x)=sin’x, ¢, (x)=co$ x,0, (x)=1. M3  OCHOBHOTO  TPUTOHOMETPHUYECKOTO
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TOXJIECTBA ClIeTyeT, uTo 1[d,(x)+1d,(x) - 1Ld ,(x) = 0. [To onpenenenuto 15 Gpynkmu
01(X), §,(X) 1 ¢,(X) IMHEHHO 3aBUCHMBI Ha (- 00,+00).

Llpumep 23. Ecimu cpenu dyHkuud  ¢,(x),d,(x),....0, (x) Xorss Obl oaHa
TOKJIECTBEHHO PaBHA HYJIIO Ha (a,b), To 5TH QyHKIMK THHENHO 3aBHCUMEI Ha (a,b).
HevictButensHo, ecnu ¢, (x)=0, TO JMHEWHAs 3aBUCUMOCTb CJIEAYET W3
TOXISCTBA
0L, (x)+..+0,, (X)+ 1P, (x)+ O ,, (X)+..4+ 0P, (x)= O

U u3 onpenenenus 15.

Ipumep 24. Tlyctb ¢,(X)=1 ¢,(X)=X ¢,(x)= X,...0, (X)= X', Jlokaxem,
yT0 O5TH (YHKUMM JIMHEWHO HE3aBHCHMMBI Ha J000M uHTepBane (a,b)
AecTBUTENbHON TpsiMOi. [IpeanonokumM npoTUBHOE: MyCTh 3TH (PYHKLIUHU JIMHEHHO
3aBHCHMBI Ha HEKOTOpOM uHTepBaie (a,b). Torga mo omnpexenenuo 15 cymecTByroT

IOCTOSIHHBIE Q,,0 ,,... 0 ,, CPEAX KOTOPBIX XOTs ObI OIHA OTJIMYHA OT HyJIsl, TAKHE, YTO
min Beex  x0(ab)  BeImONHAETCS  TOKAECTBO O, O+ ,x+.+a,x"*=0.

[Iponuddepenmupyem 310 ToxKASCTBO N—1 pa3. Torma Bce YIeHBI CyMMBI, KPOME
II0CJIEAHEr0, MOpOMmagyT M MbI IIOJy4YaeM paBeHCTBO o, (n-1)(n-2)U[1=0, wu3

KOoTOporo ciueayer, uro o, =0. Takum oOpa3om, Halle TOXAECTBO IPUMET BH:
o, A+a,x+.+a, x"?=0. [loBTOpsiss mpoBeneHHOE pacCyKIACHHE, MOIYIHM, YTO
a,,=00a,,=0..0,=0, To ecTb Bce anb(bl paBHbI HYII0. [[poTHBOpEUHE!

Onpedenenue 16. Ilycte pynkmmu ¢,(x),d,(X),....0, (x) ompeneneHsl U n-1
pa3 muddepennupyemsl Ha uHTepBane (a,b). Onpenenmtenem Bponckoro (umu

BPOHCKMAaHOM) JaHHOM CHCTeMbl (YHKIMH  Ha3bIBaeTCs  (YHKIMOHAJIbHBIM
OIIpCACIINTECIIb N-ro nopsaaka
o, ¢, .. o,
T
W () =W[0,,0,....0,] = " |,

(n-1) (n-1) (n=1)
1 ¢2 (I)n
KaKaasi Tocjeayronas CTpoKa KOTOPOTO COCTOUT W3 MPOU3BOJAHBIX (DYHKUUN uU3

MPEIbIIYIIEN CTPOKHU.

Teopema 9. Eciiu pyukimu ¢,(x),d,(x),....0 , (x) u3 onpeaencHus 16 muHeirHO
3aBucUMBI Ha (a,b), TO MX BPOHCKHAH TOXAECTBEHHO PaBEH HyJI0 Ha (a,b).

Hokazamenvcmeo. Ilo ompenenenuto 15 CymecTBYIOT MOCTOSIHHbIE
a,,0,,....0,, CPEIH KOTOPHIX XOTs OBl OJHA OTJIMYHA OT HYJIS, TaKWE, YTO ISl BCEX
x O(a b) BBIIONHAETCA TOXKIACCTBO O,0,(X)+0.,0,(X)+.+a ¢ (x)=0. IIpeanonoxum
JUTS OTIPEACIICHHOCTH, 4TO 0, # 0. 13 momy4eHHOro TOKAECTBA JIETKO MOTydaeMm:

01(X) =B,0,0)+.. B9, (x), §35

26



r]Ie [32:—%,...,3n :—%. Huddepennupys toxaectso (35) n-1 pa3, moiaydaem

1 1

CUCTEMY.
6:0) = B9+ #B, 0, (X) 9,(x) 6,(x) 9,(x)
910) =B 5(X) - +B, 1 (X) 0100 |, | 92(%) 91()
- =4, +.43, ,
017 (x) = 05 (x)+.. 4B 1 (X) 61 (%) (%) o5 (x)

KOoTOpasi  BbIpakaeT TOT  ¢akT, dYTO TEpBBIM  cTonber;  BpOHCKHaHA
W(x):W[¢1,¢2,...,¢n] paBeH JIMHEWHOW KOMOWHAIIMU OCTaJbHBIX €ro cTojomoB. Ilo

cBoiicTBaM onpeenuTens W (x) =0 npu Beex x 0(a b) .

Creocmesue. Ecnu xots 661 B omHOM Touke x O(ah) W (x)#0, 10 GyHKIUM
0,(x),0,(x),....0, (X) IMHEHHO HE3aBUCHMEI Ha MHTEpBaie (a,b).

Ipumep 25. TTokaxeMm, uro GyHkun ¢,(x)=€* u ¢p,(x)=€">, rme A\, Z\, —
POU3BOJIbHBIE JCHCTBUTENBHBIC YMCIIA, TUHEHHO HE3aBUCHMBI Ha JTFOOOM MHTEpBAJIe
(a,b) 0 R. IlpumeHss cBoicTBa oOHpeneNuTeNeH, BBHIYMCIMM BPOHCKHAH D3TOM
CUCTEMbI (QYHKITHIL:

e)\lx é\zx 1 e)\zx 1 1

WOQ:WH”¢4=A@ﬁ A, €% A A A A

1 2 1 2 1 2

ScHo, uto W (X) 20 npu Bcex x OR. 1o crneacTButo U3 TeopeMbI O nmaunnlie (pyHKuHI/I
JIMHEHHO HEe3aBUCUMBI Ha T060M MHTepBaie (a,b) 0 R.

- e)\lx

— e)\lx éxzx

= &> &”(x, -1,).

Ipumep 26. Tokaxem, uro GyHKIMU ¢, (X)=€ U ¢,(x)=xe*, Tae A, —
MIPOU3BOJIBHOE JCHCTBUTEIHLHOE YUCIIO, JIMHEWHO HE3aBHCUMBI Ha JIIOOOM WHTEPBAJIC
(a,b) 0 R. IlpumeHss cBoicTBAa oONpeaeNuTeNeH, BBHYUCIMM BPOHCKHAH D3TOMH
CUCTEMBI (DYHKIIHIA:

A X X
el X
W (X)=W|0o,, =
() [¢l ¢2] A e @7+ x, &
SAcHo, uto W (X)# 0 mpu Bcex x [OR. Ilo cnenctBuro u3 teopemsl 9 maHHBIC

(yHKLMY TMHEHHO He3aBUCUMBI Ha TI060M MHTepBaie (a,b) 0 R.

1 X
A, 1+AX

— A2AX — A2M\X

Ilpumep 27. Tokaxxem, uto pyHKIHHA ¢,(X) =€ sinBx 1 ¢,(x) = €™ coPBx, rae
o ¥ 3 — MPOM3BOJIbHBIC JICUCTBUTEIIBHBIC YUCIA, JIMHEHHO HE3aBUCHMBI Ha JIFOOOM
unTepsaie (a b) 0 R. BeraucauM BpOHCKHMAH 3TOi cucTeMbl (DyHKIIMIA:

W) =Wle,e,)=| . S S X L‘
ae” sinBx+ €* coPfx a & cof x & sifh
_ oo sinf3x coPx >J=e2‘“ sinBx coPx sinBx  coPx
asinBx +cox o cofx-— siff asinBx o coPx co3x - sipx
ScHo, uto W (x) 20 npu Bcex x OR. 1o crneacTBuio U3 T€0peMbI O naunblie (pyHKuHI/I
JMHEWHO HE3aBUCUMBI Ha JII000M MHTEpBaJIe (a, b) 0O R.

2ax — _20x
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OCHOBHBIE PE3YJIbTAThI, CBSI3AHHBIE C TUHEHHBIMU
OJHOPOJHBIMU 1.y. N-TO TTOPSIKA

Onpedenenue 17. JuddepennmansHoe ypaBHeHue (34) Ha3bIBaeTcs
JIMHEWHBIM 00HOPOOHbIM J1.y. N-TO MopsaKa, ecan f(x)=0 npu Beex x 0(a b).

Urtak, paccMoTpuM Ha (a,b) oqHOpOIHOE A.y. N-rO MOpsAAKa

y™ +a ()Y Fa(x) Y+ g( R ¥EO §36

¥ 0003HAYUM MHOKECTBO €ro pelieHui yepes L.

Teopema 10. MuoxecTBO L siBisieTCss TUHEHHBIM MPOCTPAHCTBOM, TO €CTh
ecid y,(X) ¥ Yy,(X) — ABa Kakux-JInOo perrenus ypaBHenus (36), a C,, C,
POU3BOJIbHBIE JIEUCTBUTEIbHBIE YHucaa, TOo ¢yHKIUsS C, 0y (X)+ C,Oy( X TaKxke
SIBIIICTCS pemeHueM ypaBHeHus (36).

Hokazamenvbcmeo TPUBHAIBHO M TPENOCTABISETCS YUTATENIO B KayecTBE
00513aTeNTFHOTO YIPAXKHEHUSI.

Teopema 11 Tlycts yHKUU Y, (X), Y,(X),..., Y, (X) TPEACTaBISIOT COO0M N
JUHCHHO HE3aBUCUMBIX pewtenuit 1.y. (36). Torma BpoHCKHMAH 3THX (PYHKIHMHA HE
oOpamaercs B HyJIb HU B OJJHOM TO4Ke MHTepBana (a,b).

Hokazamenvcmeo. llpennonoxkuM MNPOTHUBHOE. MYCTh CYIIECTBYET TOYKa
x, O(a b), Takas, uro W (x,)=0. CocraBuM JIMHENHYIO OIHOPOIHYIO CHCTEMY N
ypaBHEHUU ¢ Hen3BeCcTHbIMU C,,C,,...,.C :

Cyi(X%o) + G Yol Xo)+.-+ G ¥(%)=0

Co¥i (%) + C Yo X))+ + G §( %)=0

..................................................... (37

Cy (%) + G B (%)+.4C, ¥ (%) =0. )
Onpenenurenb 3TOM CUCTEMBI coBmamaer ¢ W (X,) M MO3TOMYy paBeH Hymo. U3
JIEKIWA TI0 JTMHEWHOW anredpe M3BECTHO, YTO B ATOM CIIy4ae OJHOPOJHAS CHUCTEMa
(37) umeer mHenyneBole pemenus. Ilycts C,,C,,....C, — OQHO W3 TAKUX HEHYJIEBBIX
pemenuit. Paccmotpum pyHKINIO!

V() =Cu(N+ G y( 3+.+ G y( X

Tak xak y,(X), Y,(X),..., Y, (X) SABJIsIFOTCS pemeHusiMu ypaBHenus (36), To mo Teopeme
10 ¢pynkumsa y(x) Taxxke sBiasercs pemieHueMm a.y. (36). U3 coorHommenui (37),
BeIMoNHsIomMxcs mnpu C,=C,C,=C,...,G = G, cuemyer, uro OGyHKOuS Y(X)
YIOBIIETBOPSIET CIECAYIONUM HAYaIbHBIM YCIIOBHSIM:

V(%) =0
Y' (%) =0

............... (38
7 () =0 )



C apyroif CTOPOHBI, OYEBHIHO, UTO HyleBas (YHKIMS Y(X)=0 TaKKe SBISCTCS
pemrenreM 1.y. (36) u ymoBineTBopseT HadaibHbIM yciaoBusM (38). Omnako, Mo
TeopemMe 8 CyIIeCTBYeT JIMIb 00HO peliecHue ypaBHeHUs (36), ymoBieTBopsroiiee
HavyanbHeIM ycaoBuaMm (38). Tlostomy V(x)= (X)=0 npu Bcex x(ab), TO ecTh

C,y,(X)+C, y,( X+..+ G y( 3=0. Tak kak cpeau uucen C,,C,,....C, €CTh OTIUYHBIE OT
HyJIg, TO mo ompeneneHuto 15 gyHkmu vy, (X), y,(X),..., Y, (X) THHEHHO 3aBUCHMBEI.

HOHY‘ICHHOC INPOTUBOPECUYUEC C YCIOBHUEM TCOPCMEI SBIIACTCA 3aBCPUHICHHUEM €€
J0Ka3aTCJIbCTBA.

3ameuanue. Cuctembl QyHKINNA, paCCMOTPEHHBIE HAMU B mpumepax 2527,
o0Jaany BpOHCKMAHAMU, OTJIMYHBIMU OT HyJIsl BCIOJy Ha YHCIIOBOM npsimoil. mes B
BUly TeopeMy 11, ecTecTBEHHO 3a7aTh BONPOC, CIy4ailHO Ji1 3TO. B nanpHelmemM Mel
NOKa)XeM, YTO HUKAKOW CIlydalHOCTH 3/€Chb HET: Mbl IIOCTPOMM JIMHEHHBIE
OJHOPOJHBIE [1.y. 290 TOpsAAKa, pEHIEHUAMH KOTOpBIX OyAayT (QYyHKIMH,
PacCMOTPEHHBIE B YKa3aHHBIX IPUMEPAX.

Onpeodenenue 18, JIoOble N IMHEHHO He3aBUCHMBIC HA WHTEpBaie (a,b)

byHKIUA Y, Y,,...,Y, OL Ha3bpIBalOTCS (yHIAMEHTAIBHON CHCTEMOMN pELICHU I.y.

(36).

Teopema 12. ]1.y. (36) o0nanaet pyHaaMEeHTAIbHOM CHCTEMON PEIICHHUH.
Hokazamenbcmeo. PaccmoTpum 110001 HEpaBHBIA HYJIIO ONpeIeIuTeNb N-TO
nopsiKa

a, a, ... O,

a,; Uy oo Oy
A=

Oy, 0 ... O,

v IycTh X, O(a b . ITo Teopeme 8 s kaxmoro k =12,...n CyIECTBYET €AMHCTBEHHOE
penieHue Yy, (x), yI0BIETBOPSIONIEE HAYadbHbIM YCIOBUSIM:

Yi(Xo) =0y

Yi(Xo) = 0y

Y (%) = O
SIcHO, 4TO B TOUKE X, BPOHCKHAH CUCTEMBbI QYHKIHH Y, (X), Y,(X),..., Y, (X) paBeH A, TO
ectb W(x,)=A#0. Ilo cnexctBui0 u3 TeopeMbl 9 53TU (PYHKIHMH JIUHEHHO
He3aBUCUMBI Ha  uHTepBate (ab). Takum  oOpasom, oOHHM  00pa3yroT
byHIaMEHTaIbHYIO CUCTEMY pelieHuit 1.y. (36).

YACTbD 3: OBLIASI TEOPHSI JIMHEUHBIX TUPDOEPEHITUAJIBHBIX
YPABHEHHWMU n-T"0O TIOPSAJIKA (nponomkenue 2)

KoncTpykius o0uiero penieHus IMHEHHOT0 0THOPOJIHOTO
muddepeHINaTBFHOTO YpaBHEHHS N-T0 MOpsiIKa
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C ToukM 3peHUs JUHEUHOU anreOpnl TeopeMy 12 MOXHO chHOpMYyIHpPOBaTh
CJIETYIOIIUM 00pa3oM: 0a3uc JIMHEHHOTO MPOCTpaHcTBa L cocToUT He MEeHee, ueM U3
N ¢yskmmii. Cremyromas TeopemMa MoKa3bIBaeT, YTO ITOT 0a3UC COCTOUT POBHO M3 N
(GyHKITUH.

Teopema 13. I1yCcTh VY, Y,,....Y, OL ecThb pyHIaMeHTalbHAS CUCTEMA PEIICHUM
n.y. (36).Torma obmiee perrenne a.y. (36) MOKHO MTPEACTAaBUTH B BUJIC:

y=Cyt+tGCyt.+Qy, §39

rne C,,C,,...,C, —IIpOU3BOJIbHBIC IOCTOSTHHBIEC.

Hokazamenvcmeso. TlokaxkeM, uto Gpyuknus (39) ynoBaeTBOPAET YCIOBHUIM a)
u 0) onpenenenust 13. Tor dakr, uro pyukuus (39) ects pemieHue ypaBaenus (36),

cpa3dy BbiTekaeT u3 Teopembl 10. Ilycth (xo,yo,)/o,..., 0“‘1’)D D, rae obnacte D

omucana B  ¢GopmynupoBke Teopembl 8. Ilotpebyem, uToObl  (dyHKIHS
y=C,y,+C, y,+..+ G Yy YAOBIETBOpsIIa HAYaIbHBIM ycaoBHsIM (31):

Y(X) = Yo Ciyi(Xe) + Gy X+ + G y( %)= %

: 0 = 0 Cl Z{ 0 +C2 2 ot / =

T e L S
Y (%) = %6 C (%) + G Op) 4+ G 7 (%)= ¥ )

Paccmorpum (40) kak cucTeMy JIMHEHHBIX ypaBHEHHI oTHocuTenbHO C,,C,,....C,.
SICHO, YTO TJIABHBIN OMPEIEIIUTEb ATONH CUCTEMBI PaBeH BpOHCKUaHy W (x,). Tak kak
byHKIHA Y, Y,,....Y, OL 0Opa3ytor pyHmaMeHTaIBbHYIO0 cucTeMy pemreHui 1.y. (36),
TO 10 Teopeme 11 BpOHCKHAH 3TOW CHCTEeMbl (PYHKIMI HE 0OpaIlaeTcs B HYJIb HU B
onHO# Touke mHTepBana (ab). CinemosarensHo, W (x,)#0. Ilo Teopeme Kpamepa
cuctema (40) umeer eaquHCTBEHHOE perienne C, =C?, C, =CJ,...,C. =C?; 3HaUuT npu
OTHX 3HAYEHUSX MPOU3BOJIBHBIX TMOCTOSHHBIX (yHKIusa (39) ymnoBmeTBOpsieT
ycnoBusim (40).

Wrak, ¢pyakmus (39) ynosiaeTBopsieT ycioBHsM a) U 0) ompeaeneHus 13 u
TeopeMa JJ0Ka3aHa.

Jiis equHOOOpasus Gopmysny (39) Mbl OyeM 4acTo 3alMChIBaTh B BUJIE

Yoo =C i+ C ¥+ + QG Y, (39'
)

MOJYEPKUBAs 3THUM, YTO Mbl UMEEM 00U4ee PEIIECHUE 0OHOPOOHO20 YPABHEHUS.
Teneps MBI B COCTOSTHHH JI0Ka3aTh TeopeMy 3 00 o0meM perreHun 1.y. (22).
Hokazamenvcmeso teopemsl 3. a) ITokaxeM, 9ro QyHKIUU y, = € 1 y, = €

00pa3yloT (GpyHIaMEHTAIbHYIO CHCTeMy perieHui 1.y. (22). To, 4to 3TH QyHKIHMH

JMHEWHO HE3aBHCHUMBI, JI0OKa3aHo B mpumepe 25. [IpoBepum, 4TO OHH SIBISIOTCS

pemenusamu 1.y. (22).Iloacrasum y, = € B ypaBuenue (22). [TomydyaeM mis 1r0060ro

xUR:

()" + @) + ad =22 &+ b, ¥+ de'= e+ 2+ )g0, 41
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TaK KaK BBIpAXECHHWE B CKOOKax paBHO Hymo (A, SBIsSeTCS KOpPHEM
XxapakrepucTruueckoro ypasuenus (23)). Urak, y, = €¥ — pemenne a.y. (22). Touno
TaK e u Yy, = €% ectp pemerne a.y. (22). [Ipumenss teopemy 13, momywaem, 4to
obiitee perrenue a.y. (22)B 3TOM ciy4ae UMeeT BU Y,,=C,[&* + C B,

0) Ilokaxem, uyro 3mech QyHKHIUH Yy, =€% u vy, =xd* o6pasyrrT
dbyHIaMeHTanbHyI0 cucTeMmy pemeHuid 1.y. (22). To, 4ro 3T QyHKIUU JTHUHEWHO
HE3aBUCHUMBI, J0Ka3aHo B npumepe 26. [IpoBepuM, 9TO OHH SIBIISIOTCS PEIICHUSMU
ny. (22). s ¢yuknum vy, = €% mpoBepka OCyHIeCTBIseTCs BhIKIaakon (41).
[ToxcraBum y, = xé* B ypaBueHue (22).ITomyuaem ms mroboro x OR:

(xew)// + p(xélx)/ + gx&* :( ¥a4+oX Aex)/ + (pAé+ X A1é)+ dxe=
=AM FAE NN+ & px e gré= P2+ )p XN+ A ).
Tak Kak A, sIBASeTCS JABYKPaTHBIM KOPHEM XapaKTepUCTHYecKoro ypasHeHus (23),

TO 3TOT KOpPEHb HMEET BUJ: )\1=—§. [ToaTOMy BBIpa)KE€HHUS B O0EMX KPYIJIBIX

CKOOKax paBHBI HYJIO, TO €CTh Y, = X&' — perrenue a.y. (22).I1o Teopeme 13 obriree
penrenue a.y. (22)B paccMaTpuBacMOM CiTydae UMEET BHI:
Yoo =C, (8" + C,Oxé&* = &( ¢+ G k

B) [lokaxkeM, 4To B JaHHOM ciiydae QYHKIUH Y, =€™sinBx u Yy, = e coPx
o0pa3yoT (QyHIaMEHTAIBHYIO CHCTeMy pemieHui 1.y. (22). To, 4to 3TH PpyHKIHH
JUHEWHO HE3aBHCHUMBI, JI0OKa3aHo B mpumepe 27. [IpoBepum, 4TO OHH SIBJISFOTCS
pemenusiMua A.y. (22). I[logcraBum y, = €*sinBx B ypaBHenue (22). [Tomydaem s
moboro x OR:
(e“X sian)” + p(é” sinf >§/ + g&* si3 x:(a € siB x “éB cop )§<+ (qn ‘et sif X8 c@s)«
+ge™ sinBx=a’€*sinB x+af & cof xof & coB xB> € s x op’® sp & DB cfs+x

+ge™ sinBx= & sinB >(0(2 B2+ o+ §1+ & co$ feap+ B).

Tak kak A\, =a+if u A, =0 -if €cThb KOPHU XapaKTEPUCTHUECKOTO ypaBHeHUs (23),
To 1m0 TeopeMe Buera —p=A,+A,=20 u q=A,A, =0’ -(iB)*=a’-iP’=a’+p%
Takum oOpasoM, a®-B*+pa+q=a?-B°-202+a?+B?=0 u 2ap+pB=p(20+ p) =0,

nodToMy Yy, =€”sinBx — pemenue n.y. (22). AHaIOrMYHO JOKa3bIBaeTCs, YTO
y, = €” co3x ectb pemierue 1.y. (22).Ilpumenss teopemy 13, mosydaem, 4to oOIee
peleHne 1.y. (22) B JTaHHOM cirydae uMeeT BU/I;

Yoo = C,€°sinBx+ C, & coP x= %f‘( GsiB x CcoB )x
Teopema 3 MOJHOCTHIO JOKA3aHA.

KoncTpykuus o0miero petieHus TIMHEHHOTro HeOTHOPOAHOTO
g depeHINaTBFHOTO YpaBHEHHS N-T0 MOpsiIKa
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H.y. (34),y koToporo mpaBasi 4acTh f(X) HEe paBHa TOKICCTBEHHO HYJIIO Ha
(ab), OymeM HasbBaTh JMHENHBIM  HEOAHOPOAHBIM  aU((depeHInaTEHBIM
ypaBHEHHEM N-T0 TIOpsIKa, a ypaBHeHHE (36) Oy/ieM Ha3bIBATh COOMBEH CHBYIOULUM
OJTHOPOHBIM ypaBHeHHeM. CripaBeIInBa CAeIyroIas BakHast
Teopema 4'. Oouwee pewenue n.y. (34) koropoe o603HAYACTCS Y,,;) PABHO
CyMMe o00u4ec0 peuwieHus COOTBETCTBYIOIIETO OJHOPOAHOTO ypaBHeHHS (36) u
KaKoro-11bo uacmuozo pewmenusn (kotopoe o60o3Havdaercs Y.,) 1.y. (34),T0 ecTb:
You™ Yoo +Yen- (?35'

Hoxazamenvcmso. Bo-niepBbiX, Bce (YHKIHMU, BXOASIIUEC B COCTAB Yoo +Yam,
SBITIOTCS  pemeHusMu 1.y. (34), ToO ecTb BXOAAT B cOCTaB Y, (IpoBEpbTE 3TO
CaMOCTOSITEIIEHO, TIOJICTABUB Y,, Y., BMecTO Y B (34)). Bo-BTOpBIX, ecnu GyHKIUSA Y
ectb pemieHue a.y. (34), To €CTh BXOAUT B COCTAB Yy, TO QYHKIHS Y—Yi, SBISCTCS
pemeHureM a.y. (36),To ecTh BXOJUT B COCTaB Y,, (IPOBEPHTE 3TO CaAMOCTOSITEIBHO,
moJictaBuB Y—Y,;, BMecto Y B (36)). OT0 03Ha4aeT, 4To Bce (DYHKIIMHU, BXOMSIIUE B
COCTaB Yoy, BXOJISAT B COCTaB Y,,+Y.,. Takum oOpa3om, popmyia (25') nokazana.

3ameTuMm, 4TO Teopema 4 SBISETCS YACTHBIM Clly4aeM Teopembl 4.
CrnenoBatenbHO, Teopema 4, cpopMyaupoBaHHas ISl IMHEHHBIX HEOTHOPOAHBIX 1.y,
2-TO TIOpSiAKa C MIOCTOSIHHBIMU K03 PHIIMeHTaMu, TaKKe JOKa3aHa.

Hokazamenvcmeo Teopembl 5. IlomHoe JOKa3aTenbCTBO TEOPEMBI S
COTIPSI’KEHO C JIOBOJIbHO YTOMHTENBHBIMU BbIKIaAKaMHu. [loaTOMy MBI paccMOTpuM
JWIIb ciiy4yad, korga b=0 u m=0, To ecTtb Korma f(x)=clE*, rme C — HEKOTOpPOE
JehcTBUTENbHOE uuciao. Bo BpeMs nokaszartenbcTBa Mbl OylieM CHCTEMAaTHYECKH
UCIOJI30BaTh JIETKO BBIBOJUMYIO  (pOPMYIy, MO KOTOPOH BBIUUCISETCS BTOpAs
IPOU3BOIHAS POU3BEICHUS IBYX (PYHKIIUN:

()" =u'v+2d v+ uf.

1. [Ilpenmonoxkum, UYTO  YHUCIO atib=a HE SBIIIETCA  KOPHEM
XapakTepucThudeckoro ypaBHeHus (23), To ectb a’+ pa+ q#0. Jlokaxkem, dYTO
yacTHoe pemeHue a.y. (24) MoxHO HaiiTH B BuAC. VY.—=A€e™, 1tme A -—
HeomnpeaeneHHbli kod(hdunment. IloxcrtaBuB 3T0 BhIpakeHHe B ypaBHeHue (24),
MOJIy4aeM:

2 ax - 2 a — C
Aa' €+ pAa&+ gAE= 0¥ = A?’é a pa)nq Oc*e- e par g
¢
a’+ pa+q
2. Ilyctp Temepp a+ib=a  SBIAETCS  OOHOKpAMHBIM  KOPHEM

ax

Takum oOpazoM, Yq,=

XapakTepucTrueckoro ypaBHeHus (23). 3To o3Hauaer, 4to a’+ pa+ =0, HO a# —g

(B ciyuae az—Ep KOpeHb NIByKpareH). Jlokaxem, 4TO YacTHOe perieHue n.y. (24)

MOXHO HalTH B BHIE. Y.,—AXe™, rae A — HEONmpeneJIeHHbIH KO3 QUIHCHT.
[ToncTaBuB 3TO BhIpakeHUE B ypaBHEHUE (24), momydaem:
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A(Zaeax+ X& é‘x)+ p(ké?‘+ xa%)+ gAXE= [k~ [(\%461 +pa)+q +z%:p =C

c
= A[2a+ d= cC = A= .
2a+p
Takum 06pazom, y,m—m xe™.
3. Ilycte a+ib=a sBIsICTCS 08YKpamHubviM KOPHEM XapaKTEPUCTUUIECKOTO

ypaBHeHHs (23). OT0 03HaYaer, 4To a’+ pa+ =0 u a= _Ep' JlokaxkeM, 94TO 4acCTHOE

peurenue 1.y. (24) MOXXKHO HaWTH B BUZAC. Y. =Ax’e™, rme A — HeompeaeIeHHbIH
ko3¢ duiueHt. [ogcraBus 3T0 BeIpakeHue B ypaBHeHue (24), moaydaem:
A(2e™ +4axé + & % &)+ pe xB+ & ¥+ ghAx*e Oce-

C

= Ax?(a*+ pa+r §+ faar2 p+r2= c= 2 & o A

2 qax

c
Takum o6pazom, qu=§D< e,

Onpedenenue 19. J1.y. Ditnepa 2-ro nopsijka Ha3bIBaeTCs 1.y. BUIA!
x*y'+axy+ay= (3, (42
)

TI€ 8, U & —HEKOTOPbIE JECUCTBUTENBHBIC YMCIa, a X > 0.

Teopema 14. Ypapuenue Diinepa (42) cBoaUTCs 3aMeHOM X = €', rae t — HoBast
He3aBHUCHMas TIEPEeMEHHas, K CIEAYIONIeMYy JTUHEHHOMY yYpaBHEHUIO 2-TO MOpSIIKa C
MOCTOSIHHBIMU KO3 (PpUliieHTaMu:

d’y dy
F-'-(ai_l)a-'-aoy: f(€). (43

)

Hokazamenvcmeo. SIcno, uto x =€ < t=In x. [Ipumenss uemnHoe mpasuio,
UMEEM:

dy _dy dt _dy 1 _dy_
dx_dth&_th&_th :
dZy_d(dy -tj_d(dy j dt_(dZy L dy j -t_(dZy dy]
o axlat® )T atlar® )T lae ® T )€ Tlae Ta)t

[ToxcraBisis Bce 310 B 1.y. (42),moryqaem:
d’y dy) _ Y- _ d’y dy _
(G- ras e vay= f¢) - G eI Y ray=1(e),

9TO U TPeOOBAIOCH T0KA3ATh.

Ipumep 28. Pemmm ypaBHenue x°y’ -3xy +3y=3In? x. D10 a.y. Diinepa
(42).3ameHoii x = €' JaHHOE ypaBHEHHE CBOIUTCS K ypaBHEHUIO (43):
d’y _,dy
=J4-ti3y=2.
de Tar Y
a) Haxomum vy,,:
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N-4A+3=0= A, =1A,= 3= y,=Ce+C,é.
0) Tak kak a=0, b=0 u yucio O He ABJISICTCA KOPHEM XaPAKTCPUCTHUCCKOTO

ypaBHEHHS, TO TI0 TeopeMe 5 (cM. 140 CTpOKYy TaOJIMIIBI) YaCTHOE PEHICHHE HAIIEeTo
HEOJIHOPOJIHOTO YPaBHEHHS UMeeT BUI: Y.,,= At® + Bt+C . Haiinem ko3 dunmentsr A,
BuC:

3|y At? + Bt+C
-4y 2At+B
1ly" 2A

3At* +3Bt+ 3C— 8At- 4B+ 2A= 3t
[IpupaBHUBaeM cieBa U cripaBa K03(pPHUIMEHTHI IPU OJUHAKOBBIX CTETICHSX L

t? 3A=3= A=1

t 3B-8A=0= B=§3
t°)3C-4B+2A=0= 3= 263= C= 269
8 26

Urak: Yy, =t +§t +—.

9
8 26 8 26
B) You =C,€ + C, €' +1? +§t+?=Clx+ C,x +In? x+§[ﬂn X+

YACTD 3: OBILIIAA TEQPHH JIMHEMHBIX JANODOEPEHIIMAJIBHBIX
YPABHEHHWMU n-T"O TTOPSJIKA (npoaomkenue 3)

Merton Bapranuu IpOU3BOJIBHBIX OCTOSIHHBIX B IPUMEHEHHUH K
JUHEWHBIM J1.y. 2T0 MopsiiKa

PaccmoTpum #.y.
y'+a(x)y +a(®y= 3. (44
)
Mpr 3HaeM (cM. Teopemy 13),9To 00IIee pemeHne COOTBETCTBYIOMIETO OAHOPOHOTO
A.y.
y'+a(x)y +a(® y=0 (45
)
UMEeT BHUI. Y, =C,y,+C,y,, TIe y, U Yy, 00pa3yloT (yHIaMEHTaJIbHYIO CHUCTEMY
peurennii ypaBHenus (45). [lonbiTaeMcest HalTH YacTHOE pemieHue ypaBHeHus (44) B
BUJIC:
y=C,()n(X¥+ G(I0O¥( ¥, (46
)

TO €CTh, CUMTas, YTO MPOHU3BOJIbHBIC MOCTOsSHHBIE C, W C, 3aBHUCAT OT X. Takoii
METOJI HA3bIBACTCS HAXOXICHHEM YaCTHOI'O DPEIICHHUS JIMHEHHOTO HEOIHOPOIHOTO
ypaBHEHUS BapHaIlMeH IPOU3BOJIbHBIX MOCTOSIHHBIX.
Haiinem nepByro npousBoanyio ¢pyukiuu (46):
y' =CIO)O()+ G(XOY( 3+ C( ¥O K ¥+
=C,() () + C( N0 3+ G 30K ¥+ G

e

)
Xa ¥ x
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Hanoxum na pynkuuu C,(x) u C,(x) TpeboBaHue

CIO) () + C( ROy 3=0 §47
M JIOITYCTHUM, YTO OHO BBINIOJIHEHO. TOr1a Ipou3BoAHas y' MPUMET BUJI
y' =C00 (X + C(ROY( 3. (48
)

[Mponuddeperumpyem reneps (48):

y'=CIO)DM(N+ C(ROY( 3+ G xOYK ¥+ G Y'Y »*
=C,() D () + C(AOY( R+ G IO x+ G Xa'§ X
Hanoxum eme oqHo TpeGoBaHMe
CL(X)DM(X+ C(ROW( = {3 (49

)

U OISITh JOIYCTHM, YTO OHO BBIMOJHEHO. Torga BTopas Hpou3BogHas Yy’ MpUMET
BUJI.
y'=C)Y (X+ G(ROY( 3+ € 3. (50
)

[ToncraBuB (46), (48) u (50) B ey uyacth ypaBHeHus (44), BbIUHCIIEM
MOJTyYE€HHOE BBIpAKEHHE:

CL() D () + G(HOY( 3+ {3+ a()JC()DM( N+ G(IOY 3]+
+a,()JCOIOR( X+ C(A0Y ¥ = Q@ X % x+ & X'§ e @)x(y)e
+C,00Qys () +a(Y Y A+ a 3 A X+ € x= G }O+ G WO+ (fye (f)x
B pesynbraTe MBI OIY4YHIIM MIPaByO YacTh ypaBHeHus (44).

M3 mpoBeACHHBIX BBIUMCIEHUI MOXHO CAENaTh BBIBOJ. €CJIM HaM yJacTcs
HaiTH QyHkuuu C,(X) U C,(X) TakuM oOpa3oM, YTOOBI BBHINOIHSIIUCH TPEOOBAHUS

(47) u (49), To popmyna (46) mocTaBUT HaM peIICHUE HEOJTHOPOIHOTO ypaBHEHUS
44).
@4 CoctaBum u3 cootHornenuii (47)u (49) cucreMy ypaBHEHHIA:

{c{(x)myl( X)+ Cy( YOy 3=0

C/(X)M()+ C(HOR( = (3
DT0 cucTeMa IJIMHEWHBIX ypaBHEHUIl OTHOCUTENbHO C/(X) u Cj(x). [nmaBHbIi
Yi(X)  ¥2(X)
ACIIRACY
paBeH HyJIt0 HU B ofHOHN Touke X (cM. Teopemy 11). [Ipumensis npasuiio Kpamepa,
TOJTy4aeMm:

ONPENEIIUTENb ITOM CHCTEMBI €CThb BPOHCKMAH W (X)= , KOTOpBIA HE

Y. (X)L (%)
W(x) (51
)

Haiing C/(x) m Cj(x), Haxomum C,(x) m C,(X), a, CIeI0BaTeIbHO, W YaCTHOE
pemrenne y=C,(X)Oy( X+ C( ¥0y( ¥ HeogHOPOHOTO ypaBHEeHUS (44).

Ipumep 29. Haiinem obmiee perrenue a.y. y' +y=tgx. Tak Kak mpaBasi 4acTh
ATOr0 YpaBHEHHS HE TojrydaeTcs u3 Gopmydsl (26), To ero 4acTHOE pEIICHHE HEIb3s

~Y,(X)Lf(X)

Cl0 =" 0

Cy(x)=
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HAWTH METOAOM HeOoIpeAeNeHHbIX KodpduimeHtos. [Ipumenum Meron Bapualuu
[IPOU3BOJIBHBIX IIOCTOSHHBIX.

CHavana HaxXomuM Y,,: A +1=0= A, =#i = y,, =C sinx+C,cosx. bynem
HUCKaTh YaCTHOE PEIICHUE MCXOAHOTO ypaBHEHHS B BHUAE:. Y,,—C,(X)sin x+ C, (X)cosx.
Boruncnum BpoHCKHaH (yHIaMEHTaIbHOM CHUCTEMBI PELICHHH Y, =SinX, Y, = COSX.
Nmeem:

SinX  CcOX ]
W (x) = . ‘:—SIHZX—CO§X:—1.
cosx — sinx
i i
[To hopmynam (51): C/( )—&ﬁ—sinx, C)(x)= smxlgx _ilo<xx Orcrona

sin? x Icoszx—

C,(x)= Ismxdx——cosx C (xF I dx =sinx— In(t

(TpOM3BOJILHBIC TTOCTOSHHBIC MPH WHTETPUPOBAHWM MBI HE THINEM, TaK Kak Ham
HY)KHO HaWTH JIMIIb OaHYy QyHKIHIO0 C,(X) ¥ oaHy C,(X)). Takum 06pa30M'

qu=—cosxDsinx+(smx— Ir\ﬂg{z 4)D [lcos =— cos

o Teopeme 4" You™ Yoo TYun=C, Sinx + C, cosx

Ipumep 30. Pemnm cregyroiee TMHEHHOE HEOAHOPOAHOE 1.y. 2-T0 MOpsIKa
C mepeMeHHbIMU KO3 GunmeHTamu: xy’ —y = 2.

CHauana pemuM COOTBETCTBYIOIIEE O,Z[HOPO,Z[HOC ypaBHenue xy’' -y =0. B
HEM OTCYTCTBYET IEpEMEHHAas Y, MOATOMY mojaraeM y' =z Yy = Z u mojay4aem 1.y. C

pa3aEIAIONMMUCS IEPEMEHHBIMU .
dz dz dx
/
XZ-2=0 ¢ X—=Z « —=— o Inz=Inx+In - 7= CX
dx Z X G G
Bo3zspamaemcs Kk Y-
d C
d—izclx o dy= GXxdX e Yy =— 5(2 +C,.
2

:7 u y2:1.

I[J'If[ HaXOXICHUA Y, MPHUMCHHM MCTOJ Bapuanmyuu IIPOU3BOJIBHBIX
MOCTOSIHHBIX. Bprunciaum BPOHCKHAH:

OyHIaMEHTATBHON CUCTEMOM pEIeHUH SBISIOTCS QYHKIUH Y,

X2
W(x)=[2 F=-X.
X

1
Yrtobsl mpumenutsb Gpopmyisl (51), monenum Hamie a.y. Ha X y” —;y’ =x= f(x) (310

HYXXHO C/IeTIaTh, 4T0OBI 3anucaTh ypaBHeHue B Buje (44)) . Teneps npumennm (51):
X2

Y00 21X o MO0 2 X X

W (x) -X 2 W (x) - X 2

Ci(x)=
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X3

2
CnenoBaTelbHO: C/(x)=|2dx=x C(X=- X—dx =——. Takum oOpazom,
1 2 6 p

2 3 3 3

X C X
ymFX Ez__gm:? " yOH: yoo+qu:?lg(2 +C2 +?-

NurerpupoBanue nuddepeHunanbHbIX ypaBHEHUN
C IOMOIIIBIO CTETIEHHBIX PSIOB.

Wpero mpuMeHeHUsi CTENEHHBIX PAIOB A pemieHus: AuddepeHnnarbHbIX
ypaBHEHHWI MOsICHUM Ha mpumepe 1.y. (45). IlpeamonoxxuMm, 94T0 B HEKOTOPOIi
OKPECTHOCTHU HYJIs QYHKIUU & (X) U 8,(X) MOXKHO Pa3iOXKUTh B CTEIICHHBIE PSIbI:

ai(x):;gx”, %(X):;q)?1 (52
)

rne p,,q, — U3BECTHbIC ymcia. Pemenue a.y. (45) Taxke OymeM HCKaTh B BHC
CTETMIEHHOTO psijia:

y(X) = ZO G X, (53
)
rIe ¢, —HUCKoMbIe yrcia. HaiineM nepByro u BTopyro mpou3BoaHyto pyHknuu (53):
Y(x)=2ng X Y(R=) il ¢ X2, (54
n=1 n=2 )

[ToxcraBus (52), (53)u (54)B n.y. (45),moryqaem:
Y n(n-1)¢ x"? + (z pnx”j > nc, x”‘lj +(anx”j ZCanj =0.
n=2 n=0 n=1 n=0 n=0
Tak kak cTeneHHBbIC PSAbI, BXOJSAIIME B 3TO PAaBEHCTBO, aOCOJIIOTHO CXOMSATCS B
HEKOTOPOW OKPECTHOCTH HYJIS, TO BCE IMOCICAYIOIINE BBIKIAJAKUA C dTHMH PSAIaMU
normycTuMbl. JIsi HaXOXJICHHWS HEW3BECTHBIX YHCEI C, OyIeM IpUPaBHUBATH
KO3 UITUEHTHI CJIeBa U CIpaBa MPH OJMHAKOBBIX CTETICHAX X '
x°|200, + pg+ G =0
x'| 3[20e; + py [PC,+ po+ qG+ gG=0
x*|408L¢e, + p Be; + plRc+ plg+ g6+ q6t =0

(55
)

Buaum, 4to B mepBoM ypaBHeHHH cUCTeMbl (55) comepkaTcsi TpH HEU3BECTHBIX
Co,C,,C,; BO BTOPOM YpPaBHEHHMHM K HUM J00aBIsI€TCA C,; B TPETbeM — C,, U T.1. U3

MIEpBOr0 YpaBHEHUS HAMJEM C,, BBIPA3UB €ro 4epe3 C, U C,. 3aTeM JAPYT 3a JpyromMm
BBIpPA3STCS C,,C,,... YEPE3 C,,C, U U3BECTHBIC KOAhuIMeHTs p.,q,. Ecau pemenue
JIOJDKHO yIOBJIETBOPSATH HAYaIbHBIM YCIOBHSAM Y(0)=Y,, Y (0)= Y,, TO MBI JOJOKHBI
COOTBETCTBYIOIIUM 00pazoM BbIOpaTh C, U C,. OueBHIHO, HYXHO TMOJIOXKUTH

C=Yn G= yo'
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IIpumep 31 Pemum ypaBaenue y” —x*y=0. Byaem uckath pelieHue B BHJIC
psana (53). Torna nepBas U BTOpasi MPOU3BOJIHBIC PEIICHUS BhIpa3aTcs (GopMyiamMu
(54).TloacraBus (53)u (54) B Harie ypaBHCHI/IC HOJYYHM:

Zn(n )G, x"? 2chx =0 o Zn(n )G, x"2 - Zcx

n=2
B mepBoii cymMe cienaeM 3aMeHy n—-2=Kk, a BO BTOPOM 3aMeHUM n+2=k. byaem
UMETh:

S (k+2)(k+ DX ~ 36X =0 o 26+ 66x+ Y [(k+ Dk 3 g~ g, XK= 0
k=0 k=2 k=2

[IpupaBHuBas Hyt0 Bce KOADPUIIMEHTHI MOTYYEHHOTO PsJia, OJIyYaeM:
Ck -2

=¢,=0,(k+2)(k+Dg,,-¢,=Q k=23...« ¢=¢=0¢ .=, k=23,....
[TocnenHee COOTHOIIEHWE TMO3BOJISIET HAWTH C,,C,... (C, W ¢ OCTalOTCH
MPOU3BOJILHBIMHU M UTPAIOT POJIb MIPOU3BOJIBHBIX MOCTOSIHHBIX). Hampumep,
C0 C1 C CO C5 C1
C,=— -, C=——+,C,=0, 0, G= = , Cy = =
“ 413" 5[4 G = ST 87 T 340718 T 918 415(8(91

HetpyaHo nokaszats, 4yTo
4k X4k+1
+C
y= Cozsmmmj k- )4 Z 589, K[ K+ 1L
(mOKa3aTeNBCTBO ATOTO PABEHCTBA MPEIOCTABIISIETCS YATATEINIO).
C OMOIIIBIO CTETIEHHBIX PSIOB MOXHO pelIaTh HE TOJIBKO 11.y. Buaa (45).

Ipumep 32. Pernm 3amauy Ko y'=x°+y?, y(O)—— Ilyctp y = ZC X"

n=0

Torna:
1
Co= y(o):?
y'=¢+2¢,x+3¢ X +4¢ X+.,

:c§+2q)qx+(2q, G+ §) +(2ggr2£9 ¥
IToacTraBuM 3TO B UCXOTHOE YPABHEHHUE:
C,+2Cx+ 3 x’+4c,x°+.=C. + 2(:0qx+( Z,C,+ ci)x2+( Zz,c,+ T c+ )x3+....
[MpupaBHuBast KOAPPHUIHUEHTHI MPH OJWHAKOBBIX CTEMCHSX, MOJYYHM CIIEAYIOIIYIO
CHCTEMY YpaBHEHHHU JIJIsl HAXOKICHUS C,

1
Co ZE
— 2

¢ =G 1
C; :Z

2c,=2¢c,¢ 1
C, =~

= 8

3,=20,C,+ ¢ ¢ =
16
4c,=2¢c,c+2¢ c+1 C, :%




Wrak, pemienne 1aHHOTO ypaBHEHHS HAUJEHO B BUJIE:
1+1 +l R 3+—9 4
= T—XT—_X X X T....
Y7274 8" 16" 32

OBPA3EILl MHIUBUAYAJBHOTO 3AIAHUS
MO JA®PEPEHINAILHBIM YPABHEHUSM

3agava 1
Pemmts nuddepennmanbabie ypaBHEHUS
1) ye* =yin?y; o)y =L1tY.
2) xtgydx— (x* - 2)dy = 0; 1=x
10) w"=(y')’;
3)y =Y,
y - X 11) y' =x/y ;
9 —y= (= yNIn-y) —Inxs gy ey X oy
, X“+1
5) X' =xe* +vy; 13) 3xdy=(y + 6x?)dx;
6) y'cosx =-ysinXx + 2x; 14) (4xy—-3)y + y? =1;
7) Xy = 2xy=2x°y; 15) x(In y + 2In x - 1)dy = 2ydx
8) x(y +y)=e7; (Beectu 3ameny z=Iny+2Inx-1).
3agava 2
Pemuts nuneitHble ogqHOpOAHbIE MU hepeHIaibHble YpaBHEHHs 2-T0 MOPsIIKa:
1)y" -3y +2y=0; 5) y' -3y +8y=0;
2) y' +16y =0; 6)y' -3y =0,nmpu y) =2, y'(1) =1;
3)y'+7y =0; 7) y'+2y' +5y=0, npu
4) y' -6y +9y=0; y©0) =1 y'(0) =3.
3agava 3
Pemuts nuneitHble HeOoJHOPOIHBIE TU( hepeHIaTbHbIE YPAaBHEHUS 2-TO TMOPSIIKA:
1) y" - 25y = 6e>*: 5) y' =4y =4x+10, npu
2) y' +5y + 6y =X + 4; y(0) =4,y (2 =-7;
3) y" + 4y = Ccos5X; 6) y' -2y +1ly=e" +sinx;
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4)y" + 6y +9y=4e> mpu 7) y' +36y=xe ¥

y@) =4e>, y'(0)=3;
3ajaua 4

Pemute MCTOJOM Bapualuu HpOHBBOJ’IBHOﬁ MOCTOSIHHOM

1) y'-3y+2y= —
2+e™*

2) y" — 25y = 6™
PEIIEHME 3A/IAY

Pemrenue 3agaum 1

1) Pernts muddepenunansaoe ypasHenne: Ye* = yin?y.

In?
y_y y

[IpeoOpazyeM gaHHOE ypaBHEHUE! "

Paznenum nepemeHHble:

dy_yln®y  dy _dx - dy = [e~dx.

dx € yln’y ¢ yln?y
Brranciynm nepBeiii UHTETPAJL:
ay MY 1
J >2/ =1 = —2=It_2dt=—t_1+C=——+C;
yin®y ;dy= dy “Jt Iny
Taxum o6pazom, momyyaem:
1
i:—e 4+ C o |ny_ o y:e[e‘x_c)
Iny *-C

2) Petuth quddepennmanbHoe ypaBHeHue: Xtgydx— (X2 -2)dy=0.
Paznensis mepeMeHHbIC, TIOTYYUM:
dy X
tgy (x*-2)

Bropol nHTerpan HaiieM METOI0M MOACTAHOBKH:

dx - [ctgydy= jg)dx
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x? -2=t

d 1
j(xz—x_z)dxz 2 xdx = dt =%jTt=%|nm +InC =%In‘x2 —2‘+InC —In ‘xz _2‘2 T

xdx=1dt
2

1
[TomyunM oOIMIT MHTETpal UCXOAHOTO ypaBHEHUS: In‘Siny‘ =In ‘Xz —2‘2 [C |, rae

C — IMPOU3BOJIbHAS IMOJIOKUTCIIbHASA ITIOCTOSAHHAA.

W3 moay4yeHHOro paBeHCTBA BBIPa3uM Y :

1 1
s.inyz‘x2 —2‘2 [C, < y=arcsi ‘xz —2‘2 [C,|, tme C, — mnpousBoIbHASL
MOCTOSTHHAS.
,_X+Y
3) Pemuth muddepennuansHoe ypaBHeHHE: Y = :
y—X
Paszzienum yrcianTenb U 3HAMEHATEb JPOOH, CTOSIICH B MPABOW YaCTH YPaBHECHUSI
1+
Ha X. [lonyuennoe ypasaenue nmeer sug (4): y =—=X.
Y1
X
JIiist pereHust 3TOro ypaBHEHUS BBEIEM 3aMEHY: Y- z, y=2Zx+z.
X
[Tomyuaem:
1+z 1+2z-7*>  dz_ 72°-2z-1 (z-1dz _ dx
IX+z72="—= IX=——— = —=- = = =2
z-1 z-1 dx (z-1)x 22-22-1 X

B mnonyyeHHOM ypaBHEHMHM TI€pEMEHHBIE pa3/elieHbl, MO3TOMY MOXHO Oparb

MHTETPajbl OT JIEBOM U IPAaBOM YaCTEU:

(z-2)dz _  dx
J22—22—1_ J‘x'

Bpruucium nepsbliii HHTETpal:
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[lz-dz _ (z-1)dz ez =[S =omyrc=Jiz-)? -2 +C
z*-2z-1 Y(z-1*-2 20

1
z-1Ddz==dt
(z-dz=

HNmeem:
1
E|n\(z—1)2 - 2‘ =-In{+C = |n\(z—1)2 - 2{ =-2In[X +InC, =

= In(z-1)% -2 =In(x*C,) = (-1 -2 =x7C,= (z-1)* - 2=+C;x 7,
rne C, — npousBosIbHAS NOJOXKUTEIbHASI TOCTOSIHHAS.
[Tocneanee BrIpaskeHUE MOYKHO 3aMKMCaTh OJHON (POPMYJION:
(z-1)?-2=Cx7?,
rae C — npou3BoJIbHAs IOCTOSIHHASL.

TakxuM 06pasom, monydaem: zZ=~+Cx 2 +2 +1.

OO6miee perieHne UMeeT BUA: Y = X(\/ Cx2+2+ 1).

4) Pemuth auddepeHmnmanbioe ypaBHeHue: Xy — Y = (X — y)\/ In(x-y)-Inx.
v =Y=n-Y _Yy
[TpeoOpa3yeM naHHOE ypaBHEHHE:. Y =@--),/Inl-=) 9TO OJHOPOIHOE
X X X
a.y. mepBoro nopszaka (cum. (4)).

Kak u B peapiayineii 3ajgayue BBeIeM 3aMeHy: — =2, Y = ZX+ Z.

X <

[Tomyuaem:

dz (1 2)y/In(1-2) dz _ dx
Zx+z-z2=@1-2,Inl-2) , (1—2)\/m_xz>

= L =I5
1-2+In(1-2 X

Bperaucioum HHTCTpaJI, CTO}IHII/Iﬁ B JICBOM YaCTH paBCHCTBA.

In(l z) =t

dz = - = - ==-2. —
I(1 2)/In(L- 2) —dz di I 2t =-2Int-2.
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HNmeem:
-2,In@=2) =InjX +InC = {In@-2) = InCl{ =

= In(1- 2) =In2( C\x‘) — 7=1-e" VX

rac C — IMPOU3BOJIbHASA IMOJIOKUTEIbHAA IIOCTOSIHHA.

In?,/C]
[Tomygaem oO1ee peneHrne nCXOIHOTO A.y.: Y = ><(1— g Ve j :

-y
5) Pemuts quddepennuansHoe ypaBHeHHE: Xy = Xe X +Y.

Paznennm 00e yacTu ypaBHeHHs Ha X . MicxoHOe ypaBHeHHE TTpUMeT BU (4):

Y
y=ex+.
X

BBenem crenyrolyro 3aMeHy: Y- z, y=2Zx+z.
X

Torna mosyunm:

, _, , e’ dz e , dx , dx
IX+z2=€e€“+2 > 7="— = —=— = edz=— = |edz=|— =
X dx X X X

=e*’=In¥+C = z=In(Inx+C).
OO6miee pernieHne UMeeT BUA: Y = XIn(In‘X‘ + C).
6) Pemuts quddepenpansHoe ypaBHeHHE: Y COSX = —YySinX + 2X.

[IpeoOpazyeM wucxomHoe a.y., pa3uenuB o0e ero yactu Ha CO<X. [lomyuum

JIMHEHHOe HeoqHOpoAHOE 1.y. 10 mopsaka (cMm. (5)): Yy + ytgx= :
CO<X

Pazo0bem perieHue 3Toro ypaBHeHUsI Ha HECKOJIBKO ITAroB.

= uv+ulV +vtgq= 2x

a)y=uy, y=uv+w = Uuv+uw +uvtgx= :
COSX COSX

6) V' +vtgx=0 = dv_ ~VtgX = ﬂ/=—tgxdx - Iﬂl: ~[tgxdx
dx \ \

= InV/=Injcosx| = v=cosx.

43



3aMeTuM, 4TO TpPU BBIYMCICHHH V 3HAK MOAYJS MBI MPOCTO OIYCTHJIM, TaK Kak
COTJIACHO OOIIeH METOAMKE JTOCTATOYHO MMETh OJHY (PYHKIHIO V, 00Opallaromnyio B

HYJIb KBaApPaTHBIC CKOOKH.

o2 —Z—dx

B) U COSX = =—
COSX COs” X cos’

K nonyuennomy unterpaity npuMeHuM GOpMyTy UHTETPUPOBAHUS 110 YACTSIM:

__dx _
j—dx— dv= cos X TR = Xtgx — Itgxdx= Xtgx + In\cosxl +C.
cos X _
vV =tgx du=d

Taxum oOpazom momydaem: U= 2(thX+ In‘COSX‘ + C) :
r) Obuee pewerne umeeT Bux: Y = 2COSX(xtgx + InjcosxX + C).

7) Pemnts nuddepennuansHoe ypaHenue: X2y — 2Xy = 2x°Y.

[MpuBenem nannoe n.y. k suay (5): y' — 2y 2x3%y.
X

2uv 2v
a) y=uv, y=uv+w = uv+w -—=2x%uv = u'v+u v - = |=2x%v.
X X

2V dv 2v dv _ 2dx dx
6) v —E0s =t s S=E T I 2'[7 = InM=2In[x =

= InM=Inx* = v=x°.
B) U'X® =2X°u = o = M ooedx = I%=J'2x3dx =
dx u u

1x4 +C

In\u\—ax +C = u=¢e?

1X4+C

r) y=|€e? x% — 3T0 oflIee peleHne JAHHOTO 11.Y.

8) Pewmnts nuddepenimansaoe ypasaenue: X(y +y)=¢e*

—X
[Tpeo6pa3oBaB HCXOMHOE YPaBHEHHE, ITOIyduM 1.y. Buaa (5): y' + y=—

1} T ! I I e_x T ! e_x
a) y=uv, y =uv+w = uv+w +uv=— = uv+u[V +v]==—.
X X
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6)V+v=0 = i/=—v = i/=—dx:> InV=-x = v=e
dx \
—X
B) we =2 o y=1_ u=J'1dx=In\x\+C.
X X X

r) O0lLIEee peleHre HCXOIHOIO A.y.. Y = (In‘x‘ + C)e_x

1+y

9) Pemuts quddepenimaisHoe ypaBHeHHE: Y = 1
- X

Paznenum nepemeHHble:

dy _1+y’ dy _ dx .[ _I dx
dx 1-x? 1+y2 1-x° 1+y* “1-%°
arctgyzllnﬂ

2 11

+C.

[TocnenHee BeIpaKEHUE €CTh OOLIHIA MHTETPAT HCXOAHOTO J1.y.
10) Pemruth auddepennmanbaoe ypaBHeHue: Yy = (y')2 :
JHlanHoe ypaBHeHue wumeer Bua (21). TlosTomMy mnpuMeHHUM  3aMeHY

y =2(y), Y =Z(y) [y (X) =Z(y) [z u cBenem ucxoaHoe a.y. K A.y. 140 mopsaka:

2
yZ =2 = 722
y
PaBI[CHI/IM HepCMeHHBIC:
dZ Z— JEN d—zz dy ——J.dy = —Z_lzln‘y‘+C1 = Z:——l .
dy y 2y Injyl +C,

Bcniomunas renepsp, 4Tto Z = d_y , IMEEM.
X

dy _ 1

Ve - lcly=-ax - [l +Cay=-fax

Paccmotpum sBa ciiyyasi.

Ecou y >0, 10 \y\=
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dv=dy u=lIn
dy|= yin y—jdyz ylny -y, To oOmmii wHTErpan
y

Tak kak Ilnydy= v=y dus

HCXOAHOTO 1.y. uMmeeT BuI: YIny—y+Cy=-x+C,.
Ecmn y<0, 10 M = -y u TOT]a

dv=dy u=In(-y
Jin=y)y=| _ du:_d_;/ =yin(-y)+[dy=yin(-y)+y.

OO6mmii  WHTErpaJl  MCXOAHOTO  J.y. B  OTOM  Ccllydae [OpPUMET  BHUJ:
yIn(-y)+y+Cy=-x+C,.
11) Pemuts auddepeHiuanbHoe ypaBHeHHE: Y = X\/V :

D10  ypaBHenue wumeer Bua  (20). TlosToMy  WCHOJB3YyS  3aMEHY
Y =2(X), Y =Z(X), cBeaeM HCXOIHOE A.y. K yPaBHEHHIO 1-ro mopsiaka; 2' = Xv/z .

Paznenum nepemeHHble:

dz dz dz ‘G x2 C, )
—C=xlz o —==xdx = [==[xdXx = 2Jz="-+C, » z=| -+ | .
dx Jz Iﬁ J 2 (4 2}

Teneps, Bo3BpalaeMcs K CTapbIM IEPEMEHHBIM:

dy 2 ¢\ 2 ¢\ x* Cx? CS
et AP AT T § - dy= Z+?l dx o y:J. 2 477 71 dx o

dx (4 2 16 4 4
5 3
o y=1[ X GX +C°x|+C,.
4{20 3
n 2X !
12) Pennts nudpepennmanbaoe ypaBHenue: Y + — 1y =2X.
X+

DTO ypaBHEHHME, TaK K€ KaK WU Mpelblayllee, CBOAUTCA K A.y. 1o0 mopsiaka

samenoit Y =2(X), y' =Z(X) (cMm (20)).

[Monydaem a.y.: Z + z=2x [lomyuennoe ypaBuenue umeer Buz (5). Pazoobem

X% +1

PEUICHUC HA HCCKOJILKO 3TAllOB.
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a) z=uv, Z=Uuv+w = uv+uw +

X , , 2X
uv=2Xx—=uv+ulv + >V = 2X.
X“+1

X2 +1
o)V +—nv=0 = dv__ 22X vo Yoo 22X dx = ﬂz—j 22X dx
X< +1 dx X-+1 V X-+1 v X< +1

Brrancinm BTOpOM MHTETpA:

2 ,1—
j 22X dx=|¥ FEH ot =Inft|+C= In‘x +ﬂ+C
X +1 2xdx=df ° t
Taxum o6pazom, moayyaem: InM :—In‘xz +ﬂ = V= ! :
’ X2 +1

1
u' =2X = U =2x4+2x => u=[{2x3 +2xx=.u==x*+ x> +C
") X% +1 I( )j 2 !
1.4, .2 1
z=| =X"+x°+C )
F) (2 1JX2+1

Teneps nojcTaBIsgeM HaiiIeHHYIO QYHKIIMIO Z B PABEHCTBO Y = Z!

(1 4 5 1 1x+2x+1+2C -1
= =x"+x"+C e y== dx <
y (2 1)x2+1 y ZI X2 +1
1 (x2+1f +2¢, -1 1 2., 2C -1
- y== dx = y=>[|x*+1+—L1"ldx =
V=3l x? +1 Y 2I x* +1

s
- ¥=; §+x+(2C1—1)arctgx +C,.

13) Penuts mudpdpepernmansroe ypapaenne: 3xdy= (y + 6x?)dx.

[IpeoOpazyeM ucxoHoe A.y. CAETYIOIIMM 00pa3oM:

dy _ (y +6x°) 1
2= "7, — y=2X.
dx 3x y- 3xy

[Tosryunnm muHEHOE HeoTHOpoaHOE 1.y. 10 mopska (cm (5)).

Tak ke KaK 1 B NpeAbIAYIIUX IIpUMEpPax, IpOBCACM PCIICHUC B HECKOJIBKO 3TaIlOB.

! I ) I I l I ) 1
a)y=uv, y=uv+w = uUv+w ——uv=2x = uv+ulVv ——Vv | =2X.
3X 3X

, 1 dv_ 1 dv _ dx _
6)V_§V—O 2$—§V T—— I—— - I M——ln‘x‘:v 3

a7



53

B) U¥x=2x = u'=2x?% = u=2fx2/3dx ~u=2" ¢

53
r) y=(6); +CJX]/3 =gx2 +Cx*3,

14) Pemnts muddhepeHnmanibHoe ypaBHEHHE: (2xy - 3)y' +y* =1.

Pemenne nanHoro a.y. Oyaem uckathb B Buie: X = X(Y).

— 2 —
dy_1-y" _ dx__2xy-3  dx 2y _ 3
dx 2xy-3 ~dy y?-1 dy y*-1 y?-1

22y uv=—
y'-1 y -1

a) x=u(y) Di(y), 3—§=u’v+ w = uv+w +

, , 2y 3
= UV+UV +—=—V|=———.
y -1 y -1

2y :0:@: 2yv:>$/: 2y

: d 2y
o) V' + Vv d — = |——ady.
) y> -1 dy y*-1 v o oy?-1 J.v y? -1 Y
BTopoii uaTerpan HaiiieM METOIOM MOJACTAHOBKH
%d y* -1=t jdt Inft| +C = In(y2 —1)+C.
y -1 2ydy=dt t

Hmeem: InVj = In(y2 —1) = v= (y2 x )

' 3 _ 3 _ 1

B) u ( ) —m = U= Sj‘mdy

Hcnonb3yst TabIUIBl MHTETPAIOB, MOdy4Yaem: U = {ﬁ + %In it z) +C.
S A TN 2_9)==3y4+3(y2 -2ty _

F) X—[m Zh’]l y Cj(y )— 2y+4(y2 1)|n1_y +C(y2 1)

15) Peuts quddepeHimaibHoe ypaBHEHHE: X(In y+2Inx- 1)dy = 2ydx.
Paznenum 06e yactu qaHHOTO 1.y. HA ! X(In y+2Inx —l)ﬂ = 2dx.
y

Cnemaem 3ameHy nepeMeHHbIX: 2 =(Iny +2Inx—-1).
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Torna dz=1dy+gdx = ﬂ/=dz—gdx.
y X y X
HcxoaHoe ypaBHEHUE PUMET BUJL! xz(dz— gdxj =2dx <= xzd:=2(1+ z)dx.
X
Paznenum nepeMeHHbIE: 2dz =2% = J 1- 1 dz= ZJ‘% =
1+2 X 1+2 X

= z-Inl+Z=2In{+C = z=Inl+Z+2In{+C =
~ z=In1+z)¥+C.

BOBBpaH.IaHCB K CTapbIM IIEPEMCHHLIM, IIOJTy4YacM O6H_II/II‘/’I HHTCTpAI HCXOOHOTO

ypaBHeHus: Iny+2Inx—-1= In\(ln y+2In X)X‘ +C.

Pemrenue 3agaum 2

1) Pemuts muddepennumansHoe ypasaenue: Y —3y' +2y=0.

XapakTepucTHUECKOe ypaBHEHHE JAHHOTO J1.y. uMeeT B A° —31 +2=0.

3+v9-8_3%1 -
2

Pemraem 510 kBajpaTHOE ypaBHeHue: A, = A =2 A,=1.Tlo

Teopeme 3 monmydaeM obmee pemenue: Y,, = C,e”* + C,e*.

2) Pemnts quddepennuansHoe ypasaenue: Y +16y =0.

CocTaBUM XapakTepucTHdeckoe ypaBHenue: A2 +16=0. Pemmas ero, nonydaem:
1 =-16 = A, = +/=16 = +4i . Tlo Teopeme 3 (CM. TPEThIO CTPOKY) MOTydaeM
ob1ee pemenne JaHHoro 1.y.. Y,, = C, sindx + C, COsAX.
3) Pemuts auddepennmanpaoe ypasaenue: y' + 7y =0.

Peimm xapaktepuctuueckoe ypassenue: A> +74=0 = A, =0, A, =—7. Torxa,
oblIee pelenye nMeeT BU. Y., = C, + C,e™"* (cM. Teopemy 7).
4) Pemuts auddepenimanpaoe ypapaenue: y' — 6y +9y =0.

3anuuremM XxapakTepucTHueckoe ypasuenue: A° —64+9=0= A, =3.
Bocnonbe3zyemcst BTopoit cTpokoit Tabnuisl u3 TeopeMsl 3. [loaydaem obiee

peIIIeH e HCXOTHOTO 1.Y.: Yoo = €7%(C, + C,X).
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5) Pemuts muddepennuansaoe ypasuenue: y' — 3y +8y =0.

XapakTepucTHueckoe ypaBHeHne umeer Bug. A° -31+8=0 =

3+4/-23_1 423

/11,2 =—+——1. Torna ob1iee peleHue TaHHOTO J1.y. HaleM,

6 26
V23 V23

UCIIONB3Ysl TPETHIO CTPOKY U3 TeOpeMbl 3. Y, = €2 (C Sln? x+C, COS— X]

6) Haiitu yactHOe pemenue a.y. Y — 3y =0, yaoBiIeTBOpsIOIIee HaYaIbHbIM
yeaosusim Y1) =2, y' (D) =1.
Haiiziem o6mee pemrenne: A2 —34=0 = A,=0, 1,=3 = y  =C, +C,e*.
JIJst peaM3aiyy HadyalbHBIX YCIOBUI HAM MIOHA00UTCS IPOU3BOIHAST OOIIETO
pertieHus: Y, = 3C2e3X. [ToacTasmsist B o01iee pemeHne 1 ero Mpou3BOAHYI0 BMECTO
X grcio 1,a BMECTO Y COOTBETCTBYIOIIHE YUCIIA, TIOJyYaeM CUCTEMY YPaBHEHUIA

ans Haxoxaenus C, u C,:

3 _
C,+Ce =2
3C.e’ =1.
1 5
Pemras nonmydyennyto cucremy, Haxogum C, = @ , C = 5
1
Taxum 0Opa3oM, HCKOMO€E YaCTHOE peleHUe UMEET BUA: Y, , = § 3 e
€

7) Haiitu gyactHOE pemenue 1.y. Y + 2y +5y =0, yaoBiaeTBopsiolee HadyalbHbIM
yeaosusm Y(0) =1, y'(0) = 3.

AP +21+5=0= A, =-1+2 = y,, =€ *(C;sin2x+C,cos2x).
Haiizem Yy, = —e*(C,sin2x + C, cos2x) + € *(2C, cos2x — 2C, sin2x).

I/ICHOHBSYH Ha4daJIbHbIC YCJIOBUS, IIOJIyYaCM.

C, =
2 =1 = C, =2.
-C,+2C, =1

YacTHoe pelieHne JaHHOTO YPaBHEHUSI UMEET BUL: Y, , = e_X(ZSin2X + COSZX).

Penrenue 3agaum 3
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1) Pernts muddepenunansoe ypapHerue: Y — 25y = 6e°*

a) 3anuchIBaeM XapakTEPUCTHYECKOE YPABHEHHUE, PEIIAEM €r0 M HaXOIUM Yo,
2 - - - 5X -5x

6) UacTHOe pelieHye HCXOTHOTO HEOTHOPOIHOTO ypaBHEH)s umeet Bux: Y, = Ae™,

rae A — HeusBecTHBIH ko3¢ ¢uuuent. [logcTaBuB Yy, B UCXOAHOE ypaBHEHUE,
HaiimeM A.

251y Ae2X

o Y 2Ae*

1]y 4Ae®

AA€> — 25A€? =6e?* = -21Ae?* =6e>* = A= —2% .

Hrak, y,, = —Eezx.
21
B) PykoBoncTBysick dhopmynoii (25), momydaem:
Yo, = CleSX + Cze—Sx _ %e2x_

2) Pemnts nuddepennuansHoe ypasaenue: Y + 5y + 6y = x° + 4,
a) XapaKkTeprUCTHUECKOES yPaBHEHHE NMEET BH/I:
2 — — — — -2X -3X
A"+51+6=0=> A, =-2,4,=-83= y,,=Ce"+Ce™.
0) YacTtHoe pelleHHe MAHHOTO YpaBHEHHUS OyaeM HCKaTh B CICIYIOIIEM BHJIE:

y,, = AX* + Bx+ C. [Toxcrapiss Y,, B HCXOIHOE ypaBHEHHE, IOy IHM:
2A+5(2Ax+B)+6(AX + Bx+C)=x2 +4;
6AX? + (LOA+6B)x + 2A+5B +6C = x* + 4.

[TpupaBHsieM cieBa u cipaBa KOd(PGUIIMEHTHI MPU OJUHAKOBBIX CTETICHIX X !
2 1
X" 6A=1 = A=6

X | 10A+6B=0 = B=->
18
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0
X | OA+5B+6C=4 — C= 2L

10¢
1, 5 91
Takum 00pasom, noiaydaem: Y, ==X ——X+-——.
6 18  10€
) .1, 5 901
Urak, Y, =C,e > +Ce > + X% - —x+—.
B) Hrak, Yo, =C; > "%" T18" 106

3) Peunts muddepennnansuoe ypasaenue: Y + 4y = COHX.
a) COCTaBUM XapaKTEPUCTUUECKOE YPaBHEHHE!

N +4=0= A, =12 = Yy, =C;sin2x + C, COS2X.
0) Y., = Asin5x + Bcosbx. Haiinem A u B:

4 |y Asin5x + Bcosbx
0 |y | 5Acos5x—5Bsin5x

1 |y" | —25Asin5x —25Bcos5x

— 25Asin5x — 25Bc0os5x + 4Asin5x + 4Bcos5x = cos5x.
[TpupaBHsieM ko3 duieHTs! TP SINSX U mpu CO<5X:
sin5x ‘ -21A=0 = A=0

COSX | _o1g=1 = B=-1
21

Urak, Y, = —Zilcos'Sx.

B) Yo, =C;Sin2x+ C,cos2x + —Zilcos';ix :

4) Haiitn wactHOoe pemenne xy. Y' +6Yy +9y=4e*  ynoenerBopsromee
HagansHbIM yeraosmsim Y (1) = 4e~, y'(0) = 3.
a) 2+61+9=0= A4 =4,=-3= y,,=e*C, +C,X).
0) Tak xak A, = A, =—3, TO yacTHOE pelIeHNe JAHHOTO YpaBHEHHs OyZeM HCKATh B
Buze: y,, = Ax’e™.

9 |y Ax2e

6 | Y | 2Axe* - 3Ax%e™™
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1 ‘ Y| 286 —12Axe % + 9AX%e

2A€ > —12Axe™ + 9AX%e > +12Axe X —18Ax%e™> + 9Ax%e ™ =4~

Momyuaem: 2Ae > =4e™> = A=2.Toects, Y, =2x°€ .
B) Y,, =€ (C, + C,x) + 2x%e™**.
Haiizem gacTHOe pelienue, ynosiueTsopsomiee yenosuo Y(1) =4e™3, y'(0) =3
BbIUMCIHM IPOU3BOAHYO OOIIEr0 PEIICHHS:
y,, ==3e(C, +C,x) + C,e™ + 4xe™ - 6x%e™**,
Hcronb3ysi HadalbHBIE YCIOBHS, TOIYyYHM cucteMy it Haxoxaenust C, u C,:

{9_3(C1+C2)+29_3=4e_3, j{(C1+C2)=2, —C =-

e -
-3C, +C, =3 -3C,+C, =3 4' 2

Nl

Taxum o6pazom, momyyaem: y = e_sx(—% + % Xj +2x%e7X,

5) Haiitu yactHOe pemenue a.y. Y —4y =4x+ 10, yaoBiaeTBopsioliee HadalbHbIM
yeaosusm Y(0) =4, y'(2) =-7.

a) ¥ =41=0 = A,=0, ,,=4 = y,,=C, +C,e*.

6) Tak kak A, =0, 10 Yy, = X(Ax+ B) = Ax* + Bx.

[TosicTaBIisis B HCXOHOE YpaBHEHHE Y, , , TOJIydaeM:

-4A=4,
2A-4(Ax+B)=4x+10 = -4Ax+2A-4B=4x+10 =
2A-4B =10
A=-1,B=-3.Torma y,, = -x? - 3X.
B) Y, =C, +C,e"™ —x* - 3x.
Haiinem uacTHOe pemieHHe HWCXOAHOTO .Y., YIOBIETBOPSIOIIEE YCIOBUSIM
yO)=4y(@=-7.
Nmeem: Y, =4C,e™ - 2x — 3. C yueToM HayaIbHEIX YCIOBHH MONydaeM:
C, +C, =4
g =C,=0, C,=4.
4Ce” - 7=-T1,

Takum o6pa30M, HMCKOMOC 4YaCTHOC PCIICHUEC JAHHOTO A.Y. MMCCT BUJI.
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y=4-x"-3x.
6) Pemnts nuddepenuuansuoe ypapuenue: y' + 2y — 3y =¢€* +sinx.
a) *+21-3=0 = A, =1,1,=-3= y,,=Ce*+C,e™.
0) Ilo Teopeme 8 wacTHOe pelIeHHWE MAAHHOTO YPAaBHEHHUS HAJ0 HUCKaTh B BUJE:
Y., = Axe* + Bsinx + CcosX.
-3 | Y | Axe* +Bsinx+Ccosx
2 1Y | Ae*+ Axe* + Bcosx — Csinx

1 |y | 2A€X + AxeX — Bsinx - Ccosx

— 3Axe’ —3Bsinx—3Ccosx + 2Ae* + 2Axe" + 2Bcosx — 2Csinx + 2Ae* + Axe* -
- Bsinx—Ccosx=¢€* +sinx.

Urak, 4Ae" + (2B + 2C)cosx + (2B — 2C)sinx =e* +sinx.

[Toydaem cucremy:

4A=1,
2B+2C =0,
2B-2C=1.

OTkyna Haxo UM A=£, B =1, C= —1. Hrak, Y, =lxex +lsinx—lcosx.
4 4 4 4 4 4

B) Y,, =Cie* +Ce ¥ +%xex +%sinx—%cosx.

7) Peuuthb quddepentuansaoe ypasuenue: Y + 36y =5xe .
a) A +36=0 = N*=-36 = A, =+J/-36=260 = Y,, =C,Sin6x +C, COBX.
0) YacTHoe pemieHne NCXOQHOTO A.y. UMEET BUI! Y,, = (AX+ B)e'”.
Haiinem kosdpunuentsr A u B.
y., =Ae™ —7(Ax+B)e ™", y! =-14Ae ™ + 49 Ax+ B)e ™",
[MoxacTasmsist Y, U Y, B HCXOJHOE YpPaBHEHHE, HOIYIHM:
~14Ae ™ + 49 Ax+ B)e ™ + 36(Ax+ B)e ¥ =5xe ¥,
(-14A+85B)e " + 85Axe X =5xe "*.
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W3 nocneaHero paBeHCTBA MOJIYYUM CUCTEMY:

85A =5,
—-14A+85B =0;

1 14
Otkyna Haxomum A=— B= )
YA HAXOA 17’ 144

Torma y,, = (1—17 X+ %:5)8_” :

r) y,, =C,Sin6x+ C, CoHBX + (l X+ ﬁ)e‘” :

17 1445

Penienue 3axauu 4

1) Petuth nquddepenimansHoe ypaBHenue: Y — 3y + 2y = =
t+e

IIprmenuM MeTOo Bapranyy NPOU3BOJIBHBIX IOCTOSHHBIX.
a) *-31+2=0= A =1 A, =2 = y,, =Ce*+C,e’.
0) YacTHoe penieHne HCXOAHOTO ypaBHEHUs Oy1eM UCKaTh B BUJIE:
Yo = Cr(X)EX +Cy (X)€% .
Bbrurcium onpezienuresib BpoHCKOro (yHIaMEHTANBHON CHCTEMBI pemennit Yy, = e”,

y, =e**. Umeem:

X 2X

€ 3X _ A3X

e
W(X) = =2e> - ¥ =¢e*,

et 2%

X

— e 1 , e

I 51 : Ci(X) =+ Y ao =~ , C, = :
o ¢opmynam (51) momygaem: C;(X) (2+e_x )93X 11 2 m

Orcronia nmosyvaem:

dx 2e* +1=t _J‘ dt __J‘l_t"'tdt_

dt = Ve - - -

C,(x)=- =
() J2eX+1 2e*dx=dt  dx=—
tJJ 2e* +
—1=In ,
t— 2e*

oLt ”m:-j(-hijdt:m\t\—m\t ~1=In
t(t -1) t t-1
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e =t
e‘dx=dt

eX

) B ¢ dt o 4 2 1)
cz_ij‘ _I(2t+1)t2 I(2t+1 t+t2jdt

=2In[2t +1 - 2Injt| ~t ™ = 2In2e" +1 - 2x - ™.

HpOI/ISBOHBHBIC IMOCTOSAHHBIC IIPYU HHTCTPUPOBAHUN MBI HC ITUIICM, TdK KaK Haa10 HAWUTHU

b onHy ¢ynkuuio C,(X) u ogny C,(X). Takum obpa3oM momyyaem:

e
— AX
qu - e In 2eX

ﬂ" + eZX(ZIn‘ZeX +ﬂ - 2X — e"x)

B) Yo =C1(X)€* + Cp(x)e® +€”In

X
e ¥ +e2x(2In‘2ex+ﬂ—2x—e"x).
2e*

2) Pemnts nuddepennuansHoe ypasaenue: Y — 25y = 67,
a) A =25=0= A, =45 = y, =C,e™ +C,e™>.
0) st HaxoxIeHus Y,, TPUMEHHM METO]] BapUAIlMU MMPOU3BOJIBHBIX MOCTOSHHBIX.

ytm = Cl(x)eSX + CZ(X)e_SX .

Bpraucioum BPOHCKHAH.

5X e—5x

W(X)= 5e5X _56_5)(

=-5-5=-10.

Teneps npumenum popmyiny (51):

—5X p 42X 5X p A 2X
, -e ~"be 3 _ , e’ be 3
Cl(x):——]_O :Ee 2X, CZ(X)z “10 :_Ee7x.

3¢ —2x 3 _ox 3 _7x 3 _7x
C cC(X)==|e ““dx=——e ", C,(X)=—=|e""dx=——e"".
nenoBatensHO: C;(X) 5_[ 10 5(X) SI
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Taxum oGpazom:

Yo, = _ie—ZXeSX _Ee7xe—5x — _ieBX _ieZXI
10 35 10 35

5X -5x 3 3X 3 2X
=Ce"+Ce ™" ——e" ——e”".
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